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Abstract
Thresholding dynamic process is a powerful statistical tool for modeling structural
nonlinear relationships. We here discuss a Bayesian formalism to give rise to a type of
threshold estimation in dynamic process with spatial structure. A prior distribution is
imposed on the unknown parameter of process model, designed to capture the sparseness of process parameters that is common to most application. For the prior specified,
the posterior distribution yields a thresholding procedure. In this paper, we introduce
a general approach in which the truncation step is directly implanted to MCMC procedure by thresholding the MCMC outputs. The proposed thresholding approach is
applied to the basal topography of the Northeast Ice-Stream in Greenland by using
Daubechies wavelet-based analysis.
Keywords: Bayesian analysis, dynamic process model, Markov chain Monte carlo, thresholding, truncation.

1. Introduction
For many statisticians, researchers, and practitioners working with time series data, forecasting is one of the most basic but difficult tasks. Although well-established diagnostic
procedures are available for identification, estimation, and testing, linear time series modeling has serious limitations. It is sometimes difficult to find a better model than a random
walk because all models are assumed to be symmetric. In general, in time series modeling,
the basic assumption of a constant linear structure over time may be inadequate when external structural relationships change significantly. For example, the most popular research
question on threshold autoregression is to test for threshold nonlinearity because some parameters exist only in the null hypothesis (see Broemeling and Cook 1993; Chen and Lee,
1995). Research to overcome these problems has been carried out along two main lines: the
classical approach and the Bayesian approach.
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Due to the unconventional behavior of the likelihood function, the classical approach
has some limitations. Bayesian modeling is an attractive statistical method when we have
limited data, contamination of measurement errors, complex structural relationships between
underlying variables, and non-randomized data structures (see Litterman, 1986). Therefore,
a clear alternative to the classical approach is Bayesian modeling. Bayesian methods that
integrate information from the entire parameter space capture finite-sample uncertainty for
the real parameter space, which lacks the classical maximum likelihood (ML) approach. In
addition, the dynamic features of different models can be combined using posterior densities
so that the prediction and impulse response functions better reflect the underlying model
and parametric uncertainties (see Koop and Potter, 1995).
The Bayesian approach has several advantages over the classical approach (see Park and
Kim, 2020; Park et al., 2020). Above all, parametric uncertainty is fully accounted for by
post-simulations sampled from the entire parametric space. For this reason, Bayesian analysis
of threshold autoregression has recently received a lot of attention, but there is not much
discussion about the unified Bayesian modeling process (see Forbes et al., 1999; Geweke and
Terui, 1993). Therefore, it is meaningful and desirable to bridge the gap in these efforts
given the methodology developed. In this paper, we introduce a general approach where the
truncation step is implanted directly to the Markov chain Monte Carlo (MCMC) procedure
by thresholding the MCMC outputs.

2. Bayesian thresholding in dynamic process model
The dynamic data are discretely observed in space-time and the dimension of spatiotemporal domain is usually huge. Thus the space-time modeling is still challenge. We can
consider several ways to construct space-time model. The first choice can be based on the
orthogonal basis function such as empirical orthogonal function (EOF), B-spline or wavelet.
The corresponding hierarchical structure is
• Data model: y(s) = x(s) + ϵ, where ϵ ∼ N (0, σϵ2 ), s ∈ D and D is a spatial domain
• Process model: x(s) = xB (s) + η(s), where η is spatially colored error process xB (s) =
PK
′
′
j=1 θj wj (s), where w s are wavelet basis functions and θ s are corresponding wavelet
coefficients
• Prior model: Priors for parameters and hyperparameters
Then, the traditional Bayesian threshold methods for above model are based on
• Bayesian LASSO: Put iid double exponential (Laplace) prior for θ′ s
• Bayesian Threshold: Use mixture prior for θ′ s
• Combined: Hierarchy of double exponential prior and mixture priors
PK
Let XB = (xB (1), . . . , xB (n)). Then xB (s) = j=1 θj wj (s), that is XB = ΘW , where
Θ = (θ1 , . . . , θK ), W = (w1 (s), . . . , wK (s)) and K depends on the resolution for wavelet
analysis. The other way is to apply the LASSO to this method. That is, our loss function is
L(Θ) =

n
X
i=1

xB (i) −

J
X
j=1

J
X
2
θj wj (i) subject to
|θj | ≤ R.
j=1
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Then we change the tuning parameter R until the number of selected coefficient θj is equal
to K. If our wavelet basis function is orthogonal, the optimal wavelet coefficient estimate is
θ̂j = sign(θ̂j◦ )(θ̂j◦ − γ)+ ,
where
θ̂j◦

= arg min

n
X

xB (i) −

X

θj wj (i)

2

i=1

PJ

and γ is determined by the condition j=1 |θj | ≤ R. Then, our interest lies in comparing
the fits based on between wavelet with resolution K and LASSO in the case N > K.
Instead of classical Bayesian approach, we can applied LASSO mechanism to MCMC
procedure directly. That is, shrinkage step based on LASSO is implanted in the MCMC
procedure directly. Then, in the Gibbs sampler,
• Generate Θ = {θ1 , . . . , θN } from the original full conditional distribution, [Θ|rest].
L
• Shrink Θ = {θ1 , . . . , θN } to Θlasso = {θ1L , . . . , θN
}, where for j = 1, . . . , N ,

θj for θj ≥ γ
θjL =
0
e.w

• Generate true process xB from the modified full conditional distribution, [xB |rest],
which is based on Θlasso and its corresponding wavelet basis functions
It is noticed that γ is determined by the R or K and this leads us unequally smoothed
wavelet analysis and is more efficient when N >> K. This can be seen as a shrinkage or
thresholding procedure. Furthermore, since covariance matrix of Θ is diagonal because of its
orthogonality, it can be considered as a separate (independent) shrinkage process of each θj
for j = 1, . . . , N . That is, each θj is decided to be shrunk or not in each Gibbs update for
j = 1, . . . , N .
In general, the target posterior distribution of shrunken coefficient is
p∗c (θ|x) = pc (θ|x)Ic + (1 − Ac )I(θ = 0),
where Ac =

R
|θ|≥γ

p(θ|x)dθ, pc (θ|x) ∝ pc (x|θ)pc (θ),
 Rγ
 −γ p(x|θ)p(θ)dθ
pc (x|θ)pc (θ) =
p(x|θ)p(θ)

0

and the corresponding proposal density be
 Rγ
 −γ q(θ∗ |θ)dθ∗
∗
qc (θ |θ) =
q(θ∗ |θ)

0

if θ = 0
,
if |θ| ≥ γ
if 0 < |θ| < γ

if θ∗ = 0
if |θ∗ | ≥ γ
if 0 < |θ∗ | < γ.

Therefore, pc (x|θ)pc (θ) can be easily estimated by simple MC method. That is,
Z
X
pc (x|θ)pc (θ) =
p(x|θ)p(θ)dθ ≈ n−1
p(x|θi ),
|θ|≥γ

i∈Ic
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where θi ∼ p(θ) for i = 1, . . . , n and Ic = {i ∈ 1, . . . , n; |θi | ≥ γ}. It is noticed that if p(θ|x)
is a Gaussian distribution, we can apply Bayesian LASSO algorithm directly.
For a multivariate case, let τ > 0 be the thresholding point and the current parameters
be Θ = (θ1 , . . . , θk ). Then it is complicate to update the candidate Θ∗ = (θ1∗ , . . . , θk∗ ) from
the multivariate proposal density qτ (Θ∗ |Θ) directly. Let Iτ be the index set whose elements
are thresholded, that is, Iτ = {i | |θi∗ | ≤ τ }. Then the proposal density can be defined as
 R
∗
 T (Iτ ) ϕ(C|Θ)dC if θi = 0 for i ∈ Iτ
∗
∗
qτ (Θ |Θ) =
,
ϕ(Θ |Θ)
if min |θi∗ | > τ

0
if max |c∗i | ≤ τ
where T (Iτ ) ≡ {|ci | ≤ τ & cj = θj∗ for i ∈ Iτ & j ∈ Iτc }. A natural choice for ϕ(Θ∗ |Θ)
is the multivariate Gaussian distribution with mean Θ and covariance matrix ν 2 I, that is,
Θ∗ ∼ M V N (Θ, ν 2 I). The corresponding full conditional distribution of coefficients is
 R
 T (Iτ ) p(C|rest)dC if θi = 0 for i ∈ Iτ
pτ (Θ|rest) =
.
p(Θ|rest)
if min |θi | > τ

0
if max |θi | ≤ τ
Based on this procedure, the detailed balance is still held for the truncated MCMC transition scheme and so is the global balance condition. Thus following relationship between
original MCMC procedure and truncated one can be shown. The other way is based on the
fixed unshrunken parameter number k while previous method is based on the fixed shrinkage or truncation point. That means, in each MCMC step, only biggest k parameters are
updated and remains are set to zeros. This method is relatively artificial and the detailed
balance condition is still issued. However, this method can be more flexible in the view that
the number k can be optimized or changed through the reversible jump MCMC algorithm. It
is also useful in the comparison between equally smoothed process and unequally smoothed
processes.

3. Truncation and thresholding in MCMC procedure
In the case that truncated process itself is of interest not only for the model selection,
the truncation step can be implanted directly to the MCMC procedure by eliminating or
thresholding the MCMC outputs. It is equivalent to generate MCMC samples from the
conditional or mixture distribution.
Let x be the unobserved true process vector and y be the corresponding observation vector.
For simplicity, we omit the other parameters in the expressions. Then the target posterior
distribution will be p(x|y) ∝ p(y|x)p(x). After truncation of MCMC output,
R the corresponding posterior distribution will be pc (x|y) = A1c p(x|y)IC (x), where Ac = C pc (x|y)dx
and C is the nontruncated region. In the modified MCMC scheme, x can be updated by
usual MCMC kernel only when it doesn’t belong to truncation region because the modified
acceptance probability is min(α∗ , 1), where
α∗ =

p(y|x∗ )p(x∗ )IC (x∗ ) q(x|x∗ )
IC (x∗ )
=
α
= αIC (x∗ ),
p(y|x)p(x)IC (x) q(x∗ |x)
IC (x)
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and α corresponds to the non-truncated case. It can be also easily checked that the elimination scheme preserves the global balance condition for the stationarity. After thresholding
of MCMC output, the corresponding
posterior distribution will be p∗c (x|y) = pc (x|y) + (1 −
R
Ac )I(x = c), where Ac = C pc (x|y)dx and C is the nontruncated region.
Since sampling from mixture distribution is equivalent to thresholding after sampling,
directly generated samples from the posterior distribution can be simply thresholded, while
classical Bayesian threshold approach is based on using mixture priors or double exponential
(Laplace) priors.
In the MCMC procedure, suppose that a candidacy x∗ generated from the proposal density
q(x∗ |x) can be accepted by usual MCMC kernel and then let x∗ = c for x∗ ∈ C c . Thus
the detailed
(global) balance of this MCMC procedure is not guaranteed any more because
R
usually
p(y|x)p(x)Q(x
→ x∗ )dx ̸= pc (y|x)pc (x)Qc (c → x∗ ), while it is usually satisfied
R Cc
that C c p(y|x)p(x)Q(x → x∗ )dx∗ = pc (y|x)pc (x)Qc (x → c).
Let the thresholding joint distribution be
 R
 C c p(y|x)p(x)dx if x = c
p(y|x)p(x)
if x ∈ C
pc (x, y) =

0
if x ∈ C c \ {c},
and the corresponding proposal density be, for all x ∈ C ∪ {c},
 R
 C c q(x∗ |x)dx∗ if x∗ = c
∗
q(x∗ |x)
if x∗ ∈ C
qc (x |x) =

0
if x∗ ∈ C c \ {c}.
If detail balance satisfies the equilibrium probability of moving, for all x, x∗ ∈ C ∪ {c},
pc (x, y)qc (x∗ |x)αc (x, x∗ ) = pc (x∗ , y)qc (x|x∗ )αc (x∗ , x),
where
αc (x, x∗ ) =

pc (x∗ , y)qc (x|x∗ )
.
pc (x, y)qc (x∗ |x)

In general, pc (c, y) can be easily estimated by simple MC method. For example, let C c =
{x : |x| ≥ γ}. Then,
Z
X
pc (c, y) =
p(y|x)p(x)dx ≈ n−1
p(y|xi ),
|x|≥γ

i∈Ic

where xi ∼ p(x) for i = 1, . . . , n and Ic = {i ∈ 1, . . . , n; |xi | ≥ γ}. Alternatively, we can consider an approximating Metropolis algorithm, where MCMC samples are generated directly
from approximated normal posterior distribution, ϕ∗ , instead of p(x|y) for sufficiently large
n, size of y and then let x∗ = c for x∗ ∈ C c . Since by asymptotic normality of posterior
distribution,
Z
∗
p(x|y) → ϕ (x) and
p(x|y)dx → 1 − Φ∗ (c) as n → ∞,
Cc
∗

where Φ is a normal CDF corresponding to density ϕ∗ ,
R
ϕ∗ (x)
c p(x|y)dx
αc (x, c) = C
→ 1 as n → ∞.
p(x|y)
1 − Φ∗ (c)
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It can be also shown similarly that αc (c, x) → 1 as n → ∞. In addition, for any x < c,
0<

1 − Φ∗ (c)
1 − Φ∗ (c)
<
↓ 0 as c → ∞.
ϕ∗ (x)
ϕ∗ (c)

Following theorem gives us the relationship of MCMC kernels between original MCMC
and threshold MCMC scheme.
Theorem 3.1 Under the above truncation structure, suppose that both MCMC procedures
satisfy the detailed balance condition. Let Q and Qc denote corresponding MCMC kernels
for the original MCMC and the threshold MCMC procedure respectively. Then following
relationships between two MCMC procedures are satisfied.
1. Qc (x → x∗ ) = Q(x → x∗ ) for all x, x∗ ∈ C
2. Qc (c → x∗ ) =

R

3. Qc (x∗ → c) =

R

Cc

p(y|x)p(x)Q(x→x∗ )dx
R
p(y|x)p(x)dx
Cc

for all x∗ ∈ C

p(y|x)p(x)Q(x→x∗ )dx
p(y|x∗ )p(x∗ )

for all x∗ ∈ C
 R

R
∗
∗
dx
c p(y|x)p(x) 1− C Q(x→x )dx
R
4. Qc (c → c) = C
.
c p(y|x)p(x)dx
Cc

C

∗

Proof. Since for all x, x ∈ C, pc (y|x)pc (x) = p(y|x)p(x) and qc (x∗ |x) = q(x∗ |x), thus
naturally Qc (x → x∗ ) = Q(x → x∗ ) for all x, x∗ ∈ C. Then for all x∗ ∈ C,
Z
∗
pc (x|c)pc (c)Qc (c → x ) =
pc (y|x)pc (x)Qc (x → x∗ )dx
Cc

Z

= pc (y|x∗ )pc (x∗ ) −

p(y|x)p(x)Q(x → x∗ )dx

C

Z

= p(y|x∗ )p(x∗ ) −

p(y|x)p(x)Q(x → x∗ )dx

C

Z

p(y|x)p(x)Q(x → x∗ )dx −

=

Z

p(y|x)p(x)Q(x → x∗ )dx

C

Z
=

p(y|x)p(x)Q(x → x∗ )dx.

Cc

In above proof, the global balance property of Q and Qc is used at the second and the fourth
lines respectively. In addition, by the detailed balance of Qc ,
Z
pc (y|x∗ )pc (x∗ )Qc (x∗ → c) =
p(y|x)p(x)Q(x → x∗ )dx.
Cc

Therefore,
R
∗

Cc

Qc (c → x ) =
and

R
∗

Qc (x → c) =

Cc

p(y|x)p(x)Q(x → x∗ )dx
R
p(y|x)p(x)dx
Cc
p(y|x)p(x)Q(x → x∗ )dx
.
p(y|x∗ )p(x∗ )
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Similarly, since
Z
pc (y|c)pc (c)Qc (c → c) =

pc (y|x)pc (x)Qc (x → c)dx
Cc

Z

Z
pc (y|x)pc (x)Qc (x → c)dx −

=

pc (y|c)pc (c)Qc (c → x)dx
C

Z
= pc (y|c)pc (c) − pc (y|c)pc (c)

Qc (c → x)dx
C


= pc (y|c)pc (c) 1 −

Z
Qc (c → x)dx



C

and so Qc (c → c) = 1 −

R
C

Qc (c → x)dx,
Z R

p(y|x)p(x)Q(x → x∗ )dx ∗
R
dx
p(y|x)p(x)dx
C
Cc
R
R
p(y|x)p(x) C Q(x → x∗ )dx∗ dx
Cc
R
=1−
p(y|x)p(x)dx
Cc


R
R
∗
∗
dx
c p(y|x)p(x) 1 − C Q(x → x )dx
R
= C
. □
p(y|x)p(x)dx
Cc

Qc (c → c) = 1 −

Cc

This truncation scheme can be applied to not only true process but also other unknown
process parameters. Especially, in the parameter space with high dimension, the following
procedures of MCMC can be useful.
1. For current state value Θ′ = (θ1′ , . . . , θp′ ), generate a candidacy Θ = (θ1 , . . . , θp ) from
the proposal density q(θ1 , . . . , θp |θ1′ , . . . , θp′ )
2. Calculate acceptance probability by using truncated probability density or by using
only part of (θ1 , . . . , θp ). That is, the acceptance probability is
αc = min

pc (x|Θ)pc (Θ) q(Θ′ |Θ) 
p−i (x|Θ)p−i (Θ) q(Θ′ |Θ) 
, 1 or α−i = min
,1 ,
′
′
′
pc (x|Θ )pc (Θ ) q(Θ|Θ )
pi (x|Θ′ )p−i (Θ′ ) q(Θ|Θ′ )

where p−i denotes the density corresponding to p excluding the ith coordinate of Θ.
3. Accept the candidacy Θ = (θ1 , . . . , θp ) with acceptance probability αc or α−i
For stationarity of this MCMC procedure, the proposal densities need to be modified to
qc or q−i , where qc denotes a truncated version of the proposal density and q−i denotes a
proposal density excluding the ith coordinate of Θ. Other possible way is to control the
dispersion of posterior distribution by tuning the acceptance probability with a scaler or
just to take θ̄ = αθ∗ + (1 − α)θ without accept/reject step, where θ and θ∗ are current state
and its candidacy state respectively and α is corresponding acceptance probability.
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4. Application
We analyze the basal topography of the Northeast Ice-Stream in Greenland (Berliner et
al., 2008a, 2008b). We consider a wavelet function, especially multi-resolution Daubechies
wavelet (Bruce and Gao, 1996) to model the smoothed basal topography because of their
flexibility in representing highly variable processes, and because we can easily control their
smoothness. By the multiresolution wavelte decomposition, basal topography can be analyzed as different degree of smoothness after converting discrete wavelet forms.
The data model is Y = X + ϵ, where Y and X are the n × 1 vectors of observations
and corresponding true basal topography respectively and ϵ ∼ M V N (0, σϵ2 I). Suppose the
wavelet model is X = W C + η, where W is the n × k matrix of discretized wavelet basis
functions, C is the k × 1 vector of wavelet coefficients and η is the n × 1 vectors of model
errors, η ∼ M V N (0, Ση ). That is,
X ∼ M V N (W C, Ση ).
It is noticed that the number k depends on the resolution of the wavelet analysis. Suppose
that the prior distribution of wavelet coefficients is N (0, σc2 I). Then, for the Gibbs sampler,
the full conditional distribution of true model X is
p(X|rest) ∼ M V N (Y − σϵ2 I(σϵ2 I + Ση )−1 (Y − W C), σϵ2 I − σϵ2 I(Ση + σϵ2 I)−1 σϵ2 I).
The full conditional distribution of wavelet coefficient C is
p(C|rest) ∼ M V N (µc , Σc ),
where
µc = W ′ X − W ′ Ση W (W ′ Ση W + σc2 I)−1 W ′ X
and
Σc = W ′ Ση W − W ′ Ση W (σc2 I + W ′ Ση W )−1 W ′ Ση W.
If the covariance matrix Ση is stationary, then W ′ Ση W is a diagonal matrix by the orthogonality of W and so is Σc . Therefore, each individual wavelet coefficient ci can be updated
sequentially by the Gibbs mechanism. Otherwise, by the conditional property of the multivariate Gaussian distribution, p(ci |C−i , rest) is a univariate Gaussian distribution with
mean µi and variance σi for i = 1, . . . , k, where µi and σi can be obtained from µc and
Σc . The full conditional distributions of other parameters including σϵ2 and parameters of
Ση can be dealt with in usual way such as Metropolis-Hasting algorithm. It is noticed that
the truncation mechanism can be applied directly to Gibbs step of wavelet coefficients. In
addition, any orthogonal basis functions instead of wavelet basis function can be applied.
Figure 4.1 provides the smoothed basal topography of the Northeast Ice-Stream in different
degree of smoothness. While the simplest way to deal with the resolution is perform the
analysis for each resolution independently, we allow enough resolution, which means enough
number of wavelet coefficients, and then threshold the coefficients based on the specified
criteria. It provided the best results in terms of maintaining fidelity to the thickness data
(i.e., not over-smoothing).
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Figure 4.1 The observed (gray dots) and smoothed (red line) basal topography of the Northeast
Ice-Stream in Greenland in different degree of smoothness

5. Conclusion
Thresholding dynamic process is a powerful statistical tool for modeling structural nonlinear relationships. Here we introduce a general approach in which the truncation step is
implanted directly to the MCMC procedure by thresholding the MCMC outputs. Based on
this procedure, the detailed balance is still held for the truncated MCMC transition scheme
and so is the global balance condition. In addition, the relationship between original MCMC
procedure and truncated one is also dicussed. As an illustration, the proposed thresholding
approach is applied to the basal topography of the Northeast Ice-Stream in Greenland by
using Daubechies wavelet-based analysis. That is, the truncation mechanism can be applied
directly to Gibbs step of wavelet coefficients. The basal topography was analyzed for several
different levels of threshold vlaue after converting discrete wavelet forms, which provides the
fidelity to the thickness data (i.e., not over-smoothing).
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