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Abstract
In the process of evaluating the performance of the classification model for two
distribution functions based on the cost function, unreliable samples were rejected based
on the ROC-based reject rule due to the high cost of wrong classification in order to
minimize classification errors in the classification process. In this paper, we consider
rejected samples between the two rejection thresholds obtained by the ROC-based reject
rule as the unresolved, so we propose a method for estimating the optimal threshold
by setting a new cost function. In defining the probability density functions for the
unresolved, various weights are given only to the cost of the misclassified FN and FP in
order to reset the cost function for the unresolved. The changes in cost corresponding to
the optimal threshold minimizing the cost function are then examined. For the samples
between the two rejection thresholds, which are considered to be the unresolved, the
new cost functions are divided into the cases where the costs of FN and FP are the
same and the cases where the costs are different. In the cost of the unresolved, the
results differ according to changes in the misclassification cost. However, the optimal
threshold of the unresolved is similar to that of the estimated optimal threshold with
respect to various weights of the misclassifications.
Keywords: Cost, misclassification, reject rule, threshold, unresolved.

1. Introduction
We consider the problem of evaluating the performance of the classification function of
two distribution functions based on the cost function. To begin, assume that the parameter
space has both a negative state and a positive state, and that the probability density function
and the cumulative distribution function of the continuous score random variable S for each
state parameter are defined as fn (s), fp (s) and Fn (s), Fp (s), respectively. The classification
performance of the model classification is expressed by the 2×2 confusion matrix, which
consists of well-classified T N (true negative), T P (true positive) and misclassified F N (false
negative), F P (false positive). Let the total number of samples be p + n, where p = F N +
T P and n = T N + F P . The cost matrix represented in Table 1.1 shows the cost (loss)
corresponding to each cell of the confusion matrix.
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Table 1.1 Confusion matrix
Predicted class
Negative
Positive
Negative
CT N
CF P
Actual Class
Positive
CF N
CT P

For a given cost matrix, the expected cost function is defined by (1.1) (Metz, 1978; Pepe,
2003; Kim, 2004; Tortorella, 2004, 2005; Zhou et al., 2007; Hong and Yoo, 2010; Yoo and
Hong, 2011; Hong and Jung, 2013; Hong and Lee, 2018).
EC(s) =P (p)CF N F N R(s) + P (n)CT N T N R(s) + P (p)CT P T P R(s)
+ P (n)CF P F P R(s),

(1.1)

where P (p) = p/(p + n), P (n) = n/(p + n) and F N R(s) = Fp (s), T N R(s) = Fn (s),
T P R(s) = 1 − Fp (s), F P R(s) = 1 − Fn (s).
Tortorella (2005) discussed the ways in which classification errors that occur in the process
of classification can have serious consequences. In order to avoid misclassification decisions
and ensure high reliability, it is efficient to reject samples that result in unreliable decisions,
because the cost of misclassification is too high. Therefore, Tortorells proposed a ROC-based
reject rule that set up two reject thresholds t1 and t2 (t1 < t2 ), then rejects samples between
these two thresholds based on the ROC curve. When the value of two reject thresholds is
estimated, the expected cost (EC) function is expressed in (1.2). For any t1 and t2 (t1 < t2 ),
EC(t1 , t2 ) = P (p)CF N F N R(t1 ) + P (n)CT N T N R(t1 )
+ P (p)CT P T P R(t2 ) + P (n)CF P F P R(t2 )
+ P (p)CR RP (t1 , t2 ) + P (n)CR RN (t1 , t2 )

(1.2)

= P (p)CF N + P (n)CT N − ε1 (t1 ) + ε2 (t2 ),
where CR is the rejection cost and fixed to be equal to 1 in this study, and
Z t2
RP (t1 , t2 ) =
fp∗ (s)ds = 1 − T P R(t2 ) − F N R(t1 ),
t1

Z

t2

RN (t1 , t2 ) =

fn∗ (s)ds = 1 − T N R(t1 ) − F P R(t2 ),

t1

ε1 (t1 ) = {P (p)(CF N − CR )T P R(t1 ) + P (n)(CT N − CR )F P R(t1 )},
ε2 (t2 ) = {P (p)(CT P − CR )T P R(t2 ) + P (n)(CF P − CR )F P R(t2 )}.
In order to minimize the value of the expected cost function in (1.2), the two reject thresholds
can be expressed as t1 = argmax ε1 (s) and t2 = argmin ε2 (s). For the two reject thresholds,
the condition must be satisfied that t1 < t2 . The slopes of m1 and m2 for ε1 (t1 ) and ε2 (t2 )
in (1.2), respectively, must satisfy m1 < m2 , so that
CF P − CR
CT N − CR
>
.
CF N − CR
CT P − CR

(1.3)
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In this paper, the rejected samples are regarded as unresolved according to the ROC-based
reject rule, and a method of estimating the optimal threshold is proposed after resetting a
cost function. These inference problems of the unresolved can be widely used in a variety of
other fields, such as predicting credit status in credit evaluation, cases where doctors cannot
judge the presence or absence of a disease in a patient, etc. (Feelders, 2000a, 2000b, 2000c;
Hand, 2001; Hong and Jung, 2011a, 2011b). In Section 2, the samples rejected by the ROCbased reject rule are regarded as the unresolved and the probability density functions for
these unresolved are defined. We also propose a method for finding an optimal threshold for
the unresolved by minimizing the expected cost function with a new cost matrix. In Section
3, we find and explain the optimal threshold with simple cost functions for the unresolved.
In Section 4, we obtain and compare the results of the unresolved inference corresponding
to various cost functions through simulation. Finally, the conclusions are derived in Section
5.

2. Unresolved inference using ROC-based reject rule
Since the sample between the two reject thresholds estimated from the ROC-based reject
rule are regarded as the unresolved, probability density functions for the unresolved need to
be defined, then the expected cost function must be reset. The probability density functions
of the negative and positive states for the unresolved, respectively, are defined in Definition
2.1.
Definition 2.1 The probability density functions of the negative and positive states for the
unresolved, respectively, are derived as follows:
fn∗ (s) =

fn (s)
,
Fn (t2 ) − Fn (t1 )

fp∗ (s) =

fp (s)
,
Fp (t2 ) − Fp (t1 )

(2.1)

where s ∈ [t1 , t2 ].
Let the number of positive and negative samples for the unresolved be rp and rn, respectively. Then, the total probabilities of positive and negative are expressed as

P (rp) =

rp
,
rp + rn

P (rn) =

rn
.
rp + rn

(2.2)

In order to estimate an optimal threshold for the unresolved, the ratios of T P , F P , T N
and F N about the unresolved are implemented as in Definition 2.2.
Definition 2.2 T P R, F P R, T N R and F N R for the unresolved are represented as RT P R,
RF P R, RT N R and RF N R, respectively, and defined as follows using the probability density
functions.
Z t2
Z t2
1
fp (s)ds,
RT P R(t0 ) =
fp∗ (s)ds =
Fp (t2 ) − Fp (t1 ) t0
t0
Z t2
Z t2
1
∗
RF P R(t0 ) =
fn (s)ds =
fn (s)ds,
Fn (t2 ) − Fn (t1 ) t0
t0
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t0

Z
RT N R(t0 ) =

fn∗ (s)ds =

t1

Z

t0

RF N R(t0 ) =
t1

fp∗ (s)ds =

1
Fn (t2 ) − Fn (t1 )
1
Fp (t2 ) − Fp (t1 )

Z

t0

fn (s)ds,
t1
Z t0

fp (s)ds.
t1

Let us consider the value of the cost matrix for defining the expected cost function for the
unresolved. Based on the cost matrix used in the ROC-based reject rule, the cost matrix for
the unresolved needs to be reset by changing only the misclassified costs. In other words,
the cost matrix for the unresolved assigns weight a to CF N and weight b to CF P in Table
2.1.
Table 2.1 Confusion matrix for the unresolved
Predicted class
Negative
positive
Negative
CRT N = CT N
CRF P = b CF P
Actual Class
Positive
CRF N = a CF N
CRT P = CT P

Define the expected value of the cost function for the unresolved based on the value of the
above cost matrix as in Definition 2.3
Definition 2.3
EC(t1 , t2 ) = P (rp)CRF N RF N R(s) + P (rn)CRT N RT N R(s)
+ P (rp)CRT P RT P R(s) + P (rn)CRF P RF P R(s)
= P (rp)aCF N RF N R(s) + P (rn)CT N RT N R(s)

(2.3)

+ P (rp)CT P RT P R(s) + P (rn)bCF P RF P R(s),
where t1 ≤ s ≤ t2 .
Since the unresolved are the samples that fall between the two reject thresholds, there is
a constraint such that the score variable must be in t1 ≤ s ≤ t2 . Then the optimal threshold
for the unresolved may be found as in Proposition 2.1 that minimizes the expected cost
function in (2.4).
Proposition 2.1 For the unresolved, regarded as the rejected samples between t1 and
t2 , according to the ROC-based reject rule, the optimal threshold can be determined as
minimizing the expected cost function:
t0 = argminEC(s),

(2.4)

where t1 ≤ s ≤ t2 .

3. Illustrative Examples
The probability density function for a group of negative states is assumed to be a standard
normal distribution and a positive probability density function is assumed to be N (1, 1). In
addition, as the sample size is set to be p = n = 500 for each group, the total default rate
is 0.5. Example 1 considers the cost matrix in Table 3.1.
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Table 3.1 Confusion matrix for example 1

Actual Class

Negative
Positive

Predicted class
Negative
positive
Reject
CT N = -1
CF P = 5
CR = 1
CF N = 5
CT P = -1
CR = 1

According to the cost matrix in Table 3.1, the expected cost function is obtained using by
(1.2):
EC(t1 , t2 ) = 2 − ε1 (t1 ) + ε2 (t2 ),
where ε1 (t1 ) = 2T P R(t1 ) − F P R(t1 ) and ε2 (t2 ) = −T P R(t2 ) + 2F P R(t2 ).
The two reject thresholds that minimize the expected cost based on this expected cost
function are estimated to be t1 = −0.19 and t2 = 1.19. The number of unresolved between
t1 and t2 is 139. The expected cost function using the proposed unresolved inference method
with the weights a = 2.0, b = 1.5 is as follows: for any s ∈ [−0.19, 1.19],
EC(s) = 5RF N R(s) − 0.5RT N R(s) − 0.5RT P R(s) + 3.75RF P R(s).
The optimal threshold that minimizes this expected is t0 = 0.23. The optimal threshold for
the unresolved is shifted to t1 in Figure 3.1.

Figure 3.1 Unresolved inference based on Table 3.1

The next Example is considered with the cost matrix in Table 3.2. According to the cost
matrix Table 3.2, the expected cost function is obtained:
Table 3.2 Confusion matrix for example 2

Actual Class

Negative
Positive

Predicted class
Negative
positive
CT N = -1
CF P = 4
CF N = 10
CT P = -1

EC(t1 , t2 ) = 4.5 − ε1 (t1 ) + ε2 (t2 ),

Reject
CR = 1
CR = 1
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where ε1 (t1 ) = {4.5T P R(t1 ) − F P R(t1 )} and ε2 (t2 ) = {−T P R(t2 ) + 1.5F P R(t2 )} . The
two reject thresholds that minimize the expected cost function are t1 = −0.19 and t2 = 1.19.
And the number of unresolved between t1 and t2 is 193, which is larger than that of Example
1. Note that the CF N has an effect on the estimation of t1 and that CF P does on t2 . Since
CF N of Example 2 is increased by more than that in Example 1, it can be seen that the left
reject threshold t1 is shifted to the left, in contrast to the case of Example 1. In addition,
since CF N of Example 2 is decreased by more than that of Example 1, it can be seen that
the right reject threshold t2 is shifted to the right, in contrast to the case of Example 1.
For the unresolved between two reject thresholds, the expected cost function with weights
a = 1.5 and b = 1.5 is obtained as: for any s ∈ [−1.01, 0.91],
EC(s) = 7.5RF N R(s) − 0.5RT N R(s) − 0.5RT P R(s) + 3.0RF P R(s).
The optimal threshold that minimizes the expected cost function is t0 = −0.71. From Figure
3.2, one can find that t0 is more closely shifted to t1 than in Figure 3.1.

Figure 3.2 Unresolved inference based on Table 3.2

4. Simulation results
In this section, we consider the rejected samples in the ROC-based reject rule as the
unresolved. Assume that the probability density functions of the negative and the positive
groups are normal distributions N (0, 1) and N (1, 1), respectively. Each sample size is p =
n = 500 in order to obtain a total default rate of 0.5. There are three cases of the cost
matrix in Table 4.1. In Case 1, the respective costs of F N and F P , CF N and CF P , are set
to follow the same distribution U nif orm[1, 5]. In Case 2, the cost of F N , CF N , is set to
the distribution of the extended range over the cost of F P , CF P . In contrast, in Case 3, the
cost of F P , CF N , is set to the distribution of the extended range U nif orm[1, 10] over the
cost of F N . In addition, the other costs are fixed at CT N = CT P = −1 and CR = 1.
Let the expected cost function for the unresolved reset with various probability density
functions. From Table 2.1, only the misclassified costs, CF N and CF P , are changed with
weights a and b, respectively. The weights a and b on CF N and CF P , respectively, are
considered with the values of 0.8, 1.0 and 1.2. The optimal threshold estimated for the
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Table 4.1 Cases of cost matrix
CF N
CF P
Case 1
U nif orm[1, 5]
U nif orm[1, 5]
Case 2 U nif orm[1, 10]
U nif orm[1, 5]
Case 3
U nif orm[1, 5]
U nif orm[1, 10]

unresolved by weights of a and b is denoted as ta,b
0 . The number of repetitions is 1,000 and
we then obtain and compare the averages of 1,000 optimal thresholds and costs corresponding
to cost probability density functions. First, the expected cost function in (1.2) based on the
ROC-based reject rule prior to considering the unresolved is
EC(t1 , t2 ) = 0.5CF N − 0.5 − ε1 (t1 ) + ε2 (t2 ),
where ε1 (t1 ) = {0.5(CF N − 1)T P R(t1 ) − F P R(t1 )} and ε2 (t2 ) = {−T P R(t2 ) + 0.5(CF P −
1)F P R(t2 )}.
The two reject thresholds, t1 and t2 , are estimated to minimize this expected cost function,
and the samples in between t1 and t2 are regarded as the unresolved. Then, the optimal
threshold of the unresolved is obtained according to various weights a and b for the cost
matrix.
4.1. Case 1
For the cost matrix of Case 1, we estimate two reject thresholds, and find that the average
of the number of rejected samples between these two reject thresholds is 53. Table 4.2 shows
the optimal thresholds and costs for the unresolved in Case 1.
Table 4.2 Optimal threshold and cost corresponding to a and b for Case 1
optimal threshold
t0.8,1
0
t1,1
0
t1.2,1
0

cost
0.22527
0.22187
0.22523

optimal threshold
t1,0.8
0
t1,1
0
t1,1.2
0

cost
0.2262
0.22187
0.22454

When the weight a is 0.8, the optimal threshold t00.8,1 appears larger than t1,1
0 . And when
the weight a is 1.2, the optimal threshold t01.2,1 appears smaller than t01,1 . Therefore, the
relation of the optimal thresholds according to the change of the weight a is given in (4.1):
0.8,1
t1 < t01.2,1 ≤ t1,1
< t2 .
0 ≤ t0

(4.1)

Next, it is found that the optimal threshold t1,0.8
is smaller than t1,1
0
0 , and the optimal
1,1.2
1,1
threshold t0
appears larger than t0 . Therefore, the following relationship (4.2) of optimal
thresholds for the weight b differs from (4.1):
1,1.2
< t2 .
t1 < t01,0.8 ≤ t1,1
0 ≤ t0

t1,1
0

t01.2,1

(4.2)
t1,1
0

Note also that the distance between
and
is smaller than that between
and
1,1
1,1.2
t0.8,1
for
the
weight
a,
and
that
the
distance
between
t
and
t
is
also
smaller
than
the
0
0
0
1,0.8
distance between t1,1
and
t
for
the
weight
b.
Based
on
(4.1)
and
(4.2),
one
could
say
0
0
that the optimal threshold for the unresolved, t0 , increases when the weight a gets smaller
or when the weight b gets larger. From Table 4.2, the average cost according to the optimal
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is found to be 0.22187. Additionally, the average cost for the optimal
threshold for t1,1
0
are 0.22527 and 0.22523, respectively, with both being larger than
and
t1.2,1
thresholds t0.8,1
0
0
1,1
that of t0 . It is found that the average costs for the optimal thresholds t00.8,1 and t1.2,1
are
0
1,1
0.22621 and 0.22454, respectively, which are larger than that of t1,1
.
Hence,
the
cost
for
t
0
0
1,1
has the lowest value. Thus, the cost for t0 has the lowest value with respect to various
weights a and b.
4.2. Case 2
For Case 2, the average number of the unresolved is 104, which is much larger than that
in Case 1. The optimal thresholds and costs for the unresolved in Case 2 are shown in Table
4.3.
Table 4.3 Optimal threshold and cost corresponding to a and b for Case 2
optimal threshold
t0.8,1
0
t1,1
0
t1.2,1
0

cost
0.47222
0.48430
0.49980

optimal threshold
t1,0.8
0
t1,1
0
t1,1.2
0

cost
0.50133
0.48430
0.47479

From Table 4.3, the relationships among optimal thresholds with respect to weights a
and b for the unresolved are found to be similar to (4.1) and (4.2) of Case 1. Additionally,
the cost according to the optimal threshold t1,1
0 is 0.4843. The other costs corresponding to
optimal thresholds t00.8,1 and t01.2,1 for weight a have average values of 0.47222 and 0.4998,
respectively, so it is found that the corresponding cost increases as weight a increases. For
weight b, the costs corresponding to optimal thresholds t01,0.8 and t1,1.2
have average values
0
of 0.50133 and 0.47479, respectively, so it is found that, in contrast to the result of the
weight a, the corresponding cost decreases as the weight b increases. In contrast to Case
1, the cost corresponding to the optimal threshold in Case 2 increases when the weight a
increases or when the weight b decreases. One could thus conclude that the cost increases
as the weight a gets larger, since the cost of the F N is relatively larger than the cost of the
F P . In addition, the cost increases as the weight b gets smaller, since the cost of the F N is
relatively smaller than the cost of the F P .
4.3. Case 3
For Case 3, the number of the unresolved is estimated at 104 on average. The optimal
thresholds and costs for the unresolved in Case 3 are obtained in Table 4.4.
Table 4.4 Optimal threshold and cost corresponding to a and b for Case 3
optimal threshold
t0.8,1
0
t1,1
0
t1.2,1
0

cost
0.50557
0.48777
0.47958

optimal threshold
t1,0.8
0
t1,1
0
t1,1.2
0

cost
0.47785
0.48777
0.50357

The relationships among optimal thresholds with respect to weights a and b for the unresolved in Table 4.4 are similar to both (4.1) and (4.2) for Case 1 as well as Case 2. From
Table 4.4, the cost according to the optimal threshold t01,1 is 0.48777. The other costs corresponding to optimal thresholds t00.8,1 and t1.2,1
for weight a have average values of 0.50557
0
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and 0.47958, respectively, so it is found that the corresponding cost increases as the weight
have
a decreases. For weight b, the costs corresponding to optimal thresholds t01,0.8 and t1,1.2
0
average values of 0.47785 and 0.50357, respectively, so that it is found that, in contrast to the
result of the weight a, the corresponding cost increases as the weight b increases. In Case 1,
the cost according to the unweighted optimal threshold t1,1
0 for the unresolved is minimal. As
the weights a and b increase, there is no effect on the total cost for the unresolved. However,
in cases 2 and 3, it is found that the total cost for the unresolved responds sensitively to
changes in weights a and b. One can observe that most of the cost results for the unresolved
obtained in Case 3 are different from those in case 2, since the costs for F N and F P in Case
2 are switched.

5. Conclusion
In the process of considering the problem of evaluating the performance of the classification
model for two distribution functions based on the cost function, Tortorella (2005) proposed
an ROC-based reject rule which rejects between two reject thresholds based on ROC curve,
which is a method of minimizing classification errors in the classification process by avoiding
erroneous classification decisions, or by rejecting unreliable samples due to high cost for
wrong classification in order to ensure high reliability. In this paper, the samples between the
two reject thresholds obtained by the ROC-based reject rule are regarded as the unresolved,
then a method is suggested to determine the optimal threshold by setting a new cost function
for the unresolved. After deriving probability density functions for the unresolved, in order to
reset the cost function, we assign weights a and b only to the cost of the misclassified F N and
F P , respectively. It is thus found that the optimal threshold that minimizes the cost function
for the unresolved increases when the weight a gets smaller or when the weight b gets larger.
Moreover, the changes in the cost corresponding to the optimal threshold for the unresolved
are obtained and discussed. When the costs of F N and F P are the same, the unweighted
cost has the lowest value with respect to various weights a and b. If the cost of the F N is
larger than that of F P , the cost corresponding to the optimal threshold increases when the
weight a increases or the weight b decreases. In addition, if the cost of the F P is larger than
F N , the corresponding cost increases as the weight a decreases or the weight b increases.
Hence, when the costs of F N and F P differ, the total cost for the unresolved responds
sensitively to changes in the weights a and b. Therefore, when the rejected samples based
on the ROC-based reject rule are regarded as the unresolved, we might conclude that the
optimal threshold by minimizing the expected cost function depends on the misclassification
costs as well as the corresponding total cost for the unresolved.
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