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Abstract
In this paper, we consider the default Bayesian analysis for the ratio of scale parameters in Topp-Leone distributions. Thus we propose the noninformative prior such
as matching priors and reference priors in this problem. We also investigate that the
second order matching prior satisfies an alternative coverage matching criterion, and
it becomes a highest posterior density matching prior. Next, we check whether the developed reference prior is the second order matching prior and whether Jeffrey’s prior
and reference prior have the same form. Simulation study indicates that the proposed
matching prior is very close to the target coverage probabilities, and a real example is
given.
Keywords: Matching prior, ratio of scale parameters, reference prior, Topp-Leone distribution.

1. Introduction
The univariate Topp-Leone distribution with bounded support was originally proposed by
Topp and Leone (1955) and was applied to a lifetime study for failure data. The distribution
is given by
f (x) = α(2 − 2x)(2x − x2 )α−1 ,

(1.1)

where 0 < x < 1 and α > 0.
In recent years, the Topp-Leone distribution has received much attention in the literature. For example, Nadarajah and Kotz (2003) investigated the structural properties of this
distribution including explicit expressions for the moments, hazard rate function and characteristic function. Kotz and Van Dorp (2005) studied a generalized version of the Topp-Leone
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distribution for modeling financial data and investigated its properties. Ghitany et al. (2005)
discussed some reliability measures of the Topp-Leone distribution and their stochastic orderings. Kotz and Nadarajah (2006) proposed a bivariate generalization of this distribution.
Ghitany (2007) developed the asymptotic distribution of order statistics of this model. Vicari et al. (2008) proposed a two-sided generalized version of the distribution and studied
some of its properties. Genç (2012) and MirMostafaee (2014) discussed the moments of order
statistics from this distribution. Genç (2013) studied the estimation of the stress-strength
parameter for this distribution. Admissible minimax estimates for the shape of this distribution was developed by Bayoud (2016). Bayesian and non-Bayesian estimation of Topp-Leone
distribution based lower record values was derived by MirMostafaee et al. (2016).
The comparison of the scale parameters in Topp-Leone distributions has not been considered yet in Bayesian view points. Thus, in this paper, we want to propose the noninformative
priors for the objective Bayesian inference about the ratio of two scale parameters. There
are two aspects to the development of noninformative priors. The first aspect is matching
priors which guarantees an approximate frequentist of the posterior quantiles (Welch and
Peers, 1963). The works of matching priors has received attention from Stein (1985) and
Tibshirani (1989). In many works, we can mention the studies of Mukerjee and Dey (1993),
DiCiccio and Stern (1994), Datta and Ghosh (1995, 1996), Mukerjee and Ghosh (1997).
The prior in the other aspect is the reference prior (Bernardo, 1979). The concepts of this
prior is the idea based on maximization of the Kullback-Leibler divergence of the prior and
the posterior. The general algorithm to develop the reference prior is suggested by Berger
and Bernardo (1989,1992) and Ghosh and Mukerjee (1992). In many statistical problems,
these priors gave a good results (Lee et al., 2016; Ko et al., 2018).
The contents of this paper are as follows. In Section 2, we want to derive the first order
matching priors and the second order matching priors. Also we investigate whether the
developed matching priors meet the criteria for the highest posterior density (HPD) matching
prior and the alternative coverage probabilities. Next, we develop the reference priors. And
we show that the reference prior and Jeffreys’ prior are the same and become the second order
matching prior. In Section 3, under the general prior, we find the conditions that the posterior
distribution is proper. In Section 4, we evaluate the frequentist coverage probabilities of the
proposed prior through numerical analysis by simulation study and a real example.

2. The noninformative priors
Let x1 , x2 , · · · , xn1 denote observations from Topp-Leone with parameter α and let y1 , y2 ,
· · · , yn2 denote observations from Topp-Leone with parameter β. Then likelihood function
is given by

n1

f (x, y|α, β) = α β

n2

n1
Y
i=1

!α
xi (2 − xi )

n2
Y

!β
yi (2 − yi )

,

(2.1)

i=1

where x = (x1 , · · · , xn1 ) and yi = (y1 , · · · , yn2 ). We consider the objective Bayesian analysis
about the ratio of scale parameters. Therefore we want to derive the noninformative priors
for β/α.
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2.1. The probability matching priors
Let θ = (θ1 , · · · , θt )T be a parameter vector, the parameter of interest is θ1 and the
(1 − α)th posterior quantile of θ1 is θ11−α (π; X). Then we want to find priors π that satisfy
the following relation
Pθ [θ1 ≤ θ11−α (π; X)] = 1 − α + o(n−r ), r > 0,

(2.2)

as n goes to infinity. The prior π that satisfies (2.2) is called matching prior. When r = 1/2,
it is defined as a first order matching prior, and when r = 1, it is defined as a second order
matching prior.
To develop the matching prior for the ratio of scale parameters, the orthogonal parametrization is required. So we consider the following reparamterization.

θ1 =

β
and θ2 = αn1 /n2 β.
α

Then with this reparametrization, the likelihood function of parameters (θ1 , θ2 ) from the
model (2.1) is given by
n2

L(θ1 , θ2 ) ∝ θ2n2

"n
1
Y

n2

n1

n2

#θ1− n1 +n2 θ2n1 +n2 " n
#θ1n1 +n2 θ2n1 +n2
2
Y
xi (2 − xi )
yi (2 − yi )
. (2.3)

i=1

i=1

Thus the Fisher information matrix from the likelihood function (2.3) can be computed as
follow.

I(θ1 , θ2 ) =

n1 n2 −2
n1 +n2 θ1

0

0
n22
−2
n1 +n2 θ2

!
.

(2.4)

Then we see that θ1 is orthogonal to θ2 from the Fisher information matrix I (2.4) (Cox and
Reid, 1987). Thus the solution set for first order probability matching prior via the result of
Tibshirani (1989) is given by
(1)
πm
(θ1 , θ2 ) ∝ θ1−1 d(θ2 ),

(2.5)

where the function d(θ2 ) is a positive function that can be differentiated.
The class of the first order matching priors given in (2.5) is relatively large, so we want
to reduce this class through the second order probability matching priors of Mukerjee and
Ghosh (1997). The additional criterion is needed to be a second order probability matching
prior in the form (2.5). That is, the function d must be satisfied the following differential
equation (2.10) of Mukerjee and Ghosh (1997).
1
∂
∂
−3
−1
d(θ2 , · · · , θk )
{I112 L1,1,1 } +
{I112 L112 I 22 d(θ2 )} = 0,
6
∂θ1
∂θ2

(2.6)
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where
"

L1,1,1

=

L112

=

I11

=

3 #
∂ log L
2n1 n2 (n2 − n1 ) −3
E
θ1 ,
=
∂θ1
(n1 + n2 )2

 3
∂ log L
n1 n22
=−
θ−2 θ−1 ,
E
2
∂θ1 ∂θ2
(n1 + n2 )2 1 2
n1 n2 −2 22
n1 + n2 2
θ2 .
θ1 , I =
n1 + n2
n22

Then (2.6) simplifies to
∂
∂θ2

(

)

1/2

n1
1/2

n2 (n1 + n2 )1/2

θ1−1 θ2 d(θ2 )

= 0.

(2.7)

Hence the function d(θ2 ) = θ2−1 is the solution of (2.7). Therefore we obtain the second order
probability matching prior as follow.
(2)
πm
(θ1 , θ2 ) ∝ θ1−1 θ2−1 .

(2.8)

Remark 2.1 There are several ways in which matching can be performed. Datta, Ghosh
and Mukerjee (2000) studied the condition under which second order matching priors and
HPD matching priors (DiCiccio and Stern, 1994; Ghosh and Mukerjee, 1995) are the equiv−3/2
alence relation. The condition is ∂{I11 L111 }/∂θ1 = 0. Now
 3

∂ log L
2n1 n2 (n1 + 2n2 ) −3
θ1 ,
=
L111 = E
∂θ13
(n1 + n2 )2
−3/2

−3/2

I11 L111 does not depend on θ1 . Thus ∂{I11 L111 }/∂θ1 = 0, and then the second order
probability matching prior (2.8) becomes a HPD matching prior. Also we can obtain the
following elements.

∂ 2 log L ∂ log L
2n1 n2 (2n1 + 3n2 ) −3
= E
=
θ1 ,
2
∂θ1
∂θ1
(n1 + n2 )2
 2

∂ log L ∂ log L
n1 n22
= E
=
θ−2 θ−1 .
∂θ12
∂θ2
(n1 + n2 )2 1 2


L11,1
L11,2

And d(θ2 ) = θ2−1 . Then we can compute the following equations.
∂
∂
−1/2
−3/2
{L112 I 22 I11 d(θ2 )} = 0,
{I
L111 } = 0,
∂θ2
∂θ1 11
∂
∂
−1/2
−3/2
L11,1 } = 0.
{L11,2 I 22 I11 d(θ2 )} = 0
{I
∂θ2
∂θ1 11
Thus we can see that the second order matching prior (2.8) satisfies the alternative coverage
probabilities (Mukerjee and Reid, 1999).
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2.2. The reference priors
Reference priors was originally proposed by Bernardo (1979) and then extended by Berger
and Bernardo (1992). The reference priors have long been used in the literature of noninformative priors. In this section, we develop the reference priors in groups based on the
importance of parameter inference. By the orthogonality of the parameters, we can obtain
the reference prior according to work of Datta and Ghosh (1995). Then the reference priors
are given by as follows.
For the likelihood function (2.3), we obtained the Fisher information (2.4). Thus when θ1
is the parameter of interest, the reference prior for parameter ordering group {(θ1 , θ2 )} is
given by
πJ (θ1 , θ2 ) ∝ θ1−1 θ2−1 .
For parameter ordering group {θ1 , θ2 }, the reference prior is given by
πr (θ1 , θ2 ) ∝ θ1−1 θ2−1 .
Remark 2.3 We can see that the one-at-a-time reference prior πr and Jeffreys’ prior πJ
have the same form from the above results of the reference priors,. Also we know that the
one-at-a-time reference prior πr , Jeffreys’ prior πJ and the second order matching prior all
have the same form.

3. Property of posterior distribution
We first find the condition of the proper posterior under the general prior including the
developed noninformative priors. Then we consider the general prior as follow.
π(θ1 , θ2 ) ∝ θ1−a θ2−b ,

(3.1)

where a > 0 and b > 0. So we obtain the theorem below.
Theorem 3.1 The posterior distribution of (θ1 , θ2 ) for the given general prior (3.1) is proper
if n2 − b + 1 > 0, n2 − a − b + 2 > 0 and n1 (n2 − b + 1) + n2 (a − 1) > 0.
Proof : The joint posterior distribution for θ1 and θ2 given x and y is given by
π(θ1 , θ2 |x, y)
n2

θ1−a θ2n2 −b

∝

"n
1
Y

n2

n1

n2

#θ1n1 +n2 θ2n1 +n2
#θ1− n1 +n2 θ2n1 +n2 " n
2
Y
.
yi (2 − yi )
xi (2 − xi )

i=1
n2

Let ω = θ2n1 +n2 . Then we have

i=1

(3.2)
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n2

π(ω, θ1 |x, y) ∝ θ1−a ω

(n1 +n2 )(n2 −b)+n1
n2

"n
1
Y

n1

#θ1− n1 +n2 ω " n
#θ1n1 +n2 ω
2
Y
xi (2 − xi )
yi (2 − yi )
. (3.3)

i=1

i=1

Thus integrating with ω, we obtain
π(θ1 |x, y)
−a−

n1 (n2 −b+1)

(n1 +n2 )(n2 −b+1)

n2
n2
g(θ1 )−
θ1
 



(n1 + n2 )(n2 − b + 1)
(n1 + n2 )(n2 − b + 1)
×
Γ
−Γ
, g(θ1 ) ,
(3.4)
n2
n2
Pn2
Pn1
log yi (2 − yi ) and Γ[n, a] =
log xi (2 − xi ) − i=1
where
n2 − b + 1 > 0, g(θ1 ) = −θ1−1 i=1
R ∞ n−1
−t
t
e
dt.
Thus
the
marginal
posterior
of
θ
is
proper
if
n
−
a − b + 2 > 0 and n1 (n2 −
1
2
a
b + 1) + n2 (a − 1) > 0. This completes the proof.


∝

Theorem 3.2 Under the general prior (3.1), the marginal posterior distribution of θ1 is
given by
π(θ1 |x, y)
−a−

n1 (n2 −b+1)

(n1 +n2 )(n2 −b+1)

n2
n2
θ1
g(θ1 )−
 



(n1 + n2 )(n2 − b + 1)
(n1 + n2 )(n2 − b + 1)
×
Γ
−Γ
, g(θ1 ) ,
(3.5)
n2
n2
R∞
Pn1
Pn2
where g(θ1 ) = −θ1−1 i=1
log xi (2 − xi ) − i=1
log yi (2 − yi ) and Γ[n, a] = a tn−1 e−t dt.

∝

Note that the computation of the marginal density of θ1 is needed one dimensional integration. So we can easily obtain the marginal moments of θ1 . In Section 4, for the evaluation of
the performance of the proposed noninformative prior, we want to investigate the frequentist
coverage probabilities.

4. Numerical studies
For investigation of the performance of the developed noninformative prior, we want to
compute the frequentist coverage probabilities for the credible interval of the marginal posterior density of θ1 . We investigate how close the frequentist coverage of a ηth posterior
quantile is to η, and we consider several configurations (α, β) and (n1 , n2 ). Thus for the
0.05 and 0.95 posterior quantiles, we compute the frequentist coverage probabilities and
the computed values are given in Table 4.1. The computation of these numerical values for
the given values of (α, β) and η is as follows. Let θ1η (π) be the posterior ηth quantile of θ1
under the prior π given X and Y. Then for one sided credible interval of θ1 , the frequentist
coverage probability is given by

Bayesian analysis for the ratio of scale parameters in Topp-Leone distributions

P (η; θ1 , θ2 ) = P (θ1 ≤ θ1η (π)|θ1 , θ2 ).
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(4.1)

Thus the numerical values of P (η; θ1 , θ2 ) are given in Table 4.1 when the values of η are
0.05 and 0.95. In our simulation study, we generate 10, 000 independent random samples
of X with sample size n1 and Y with sample size n2 from Topp-Leone distributions under
the given parameters (α, β). Then the results of Table 4.1 show the numerical values of
the frequentist coverage probabilities of 0.05 and 0.95 posterior quantiles and 90% and 95%
credible intervals for the our prior.
From the results of Table 4.1, we know that the matching prior meets very well the target
coverage probabilities. It can be seen that the matching prior provides a good coverage even
in small samples, and also it is not sensitive to changes in the values of parameters α and β.
Example 4.1 we illustrate the example by using a real data set taken from Cordeiro
and Brito (2012). The data is about the total milk production in the first birth of 107
cows from SINDI race. These cows are property of the Carnauba farm which belongs to
the Agropecuaria Manoel Dantas Ltda (AMDA), located in Taperoa City, Paraiba (Brazil).
The original data is not in the interval (0,1), and it was necessary to make a transformation
given by zi = [wi − min(wi )]/[max(wi ) − min(wi )], for i = 1, · · · , 107. For estimation of
ratio of scale parameters, we randomly divided this data into two groups. The data sets are
given by
Data (X): 0.4365, 0.4260, 0.5140, 0.6907, 0.7471, 0.2605, 0.6196, 0.8781, 0.4990, 0.6058,
0.6891, 0.5770, 0.5394, 0.1479, 0.2356, 0.6012, 0.1525, 0.5483, 0.6927, 0.7261, 0.3323, 0.0671,
0.2361, 0.4800, 0.5707, 0.7131, 0.5853, 0.6768, 0.5350, 0.4151, 0.6789, 0.4576, 0.3259, 0.2303,
0.7687, 0.4371, 0.3383, 0.6114, 0.3480, 0.4564, 0.7804, 0.3406, 0.4823, 0.5912, 0.5744, 0.5481,
0.1131, 0.7290, 0.0168, 0.5529, 0.4530, 0.3891, 0.4752.
Data (Y): 0.3134, 0.3175, 0.1167, 0.6750, 0.5113, 0.5447, 0.4143, 0.5627, 0.5150, 0.0776,
0.3945, 0.4553, 0.4470, 0.5285, 0.5232, 0.6465, 0.0650, 0.8492, 0.8147, 0.3627, 0.3906, 0.4438,
0.4612, 0.3188, 0.2160, 0.6707, 0.6220, 0.5629, 0.4675, 0.6844, 0.3413, 0.4332, 0.0854, 0.3821,
0.4694, 0.3635, 0.4111, 0.5349, 0.3751, 0.1546, 0.4517, 0.2681, 0.4049, 0.5553, 0.5878, 0.4741,
0.3598, 0.7629, 0.5941, 0.6174, 0.6860, 0.0609, 0.6488, 0.2747.
For this data sets, the maximum likelihood estimate (MLE) and the corresponding 95%
confidence interval of θ1 = β/α are given in Table 4.2. Also the computed Bayes estimate
and the 95% credible interval for θ1 = β/α are given in Table 4.2.
From the results of Table 4.2, we see that the Bayes estimate and the MLE provide
somewhat similar results. Also the confidence interval based on the MLE and the credible
interval under the matching prior give the same result. However, we know that the matching
prior gives a result very close to the target coverage probabilities from the results of our
simulation.

1438

Sang Ho Kim · Sang Gil Kang

Table 4.1 Frequentist coverage probability of 0.05 (0.95) posterior quantiles and 90% (95%) credible
intervals of θ1
α
0.5

β
0.5

1.0

1.5

3.0

1.0

0.5

1.0

1.5

3.0

1.5

0.5

1.0

1.5

3.0

3.0

0.5

1.0

1.5

3.0

n1 , n2
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10
3,3
3,5
5,5
5,10

Quantile
0.046 (0.947)
0.048 (0.948)
0.048 (0.949)
0.052 (0.948)
0.048 (0.950)
0.050 (0.950)
0.053 (0.952)
0.053 (0.954)
0.044 (0.949)
0.050 (0.946)
0.046 (0.949)
0.052 (0.949)
0.050 (0.953)
0.050 (0.951)
0.052 (0.949)
0.050 (0.950)
0.049 (0.950)
0.052 (0.949)
0.046 (0.953)
0.052 (0.950)
0.051 (0.953)
0.051 (0.951)
0.050 (0.950)
0.052 (0.951)
0.053 (0.952)
0.045 (0.951)
0.045 (0.948)
0.053 (0.955)
0.051 (0.952)
0.050 (0.948)
0.043 (0.951)
0.051 (0.951)
0.049 (0.948)
0.047 (0.948)
0.049 (0.953)
0.048 (0.949)
0.051 (0.950)
0.051 (0.951)
0.047 (0.947)
0.051 (0.950)
0.052 (0.949)
0.054 (0.947)
0.047 (0.947)
0.051 (0.952)
0.051 (0.953)
0.046 (0.951)
0.048 (0.952)
0.052 (0.953)
0.049 (0.952)
0.050 (0.953)
0.049 (0.949)
0.047 (0.947)
0.051 (0.951)
0.049 (0.949)
0.053 (0.947)
0.051 (0.951)
0.051 (0.951)
0.052 (0.949)
0.046 (0.951)
0.049 (0.949)
0.052 (0.949)
0.049 (0.949)
0.048 (0.947)
0.050 (0.951)

Credible Interval
0.901 (0.951)
0.900 (0.949)
0.901 (0.951)
0.896 (0.947)
0.902 (0.951)
0.900 (0.949)
0.899 (0.949)
0.901 (0.952)
0.905 (0.952)
0.896 (0.948)
0.903 (0.953)
0.897 (0.946)
0.902 (0.953)
0.901 (0.952)
0.897 (0.948)
0.900 (0.949)
0.901 (0.951)
0.897 (0.949)
0.907 (0.957)
0.898 (0.947)
0.902 (0.950)
0.900 (0.949)
0.899 (0.949)
0.899 (0.947)
0.899 (0.952)
0.906 (0.953)
0.903 (0.954)
0.901 (0.949)
0.900 (0.951)
0.898 (0.949)
0.907 (0.954)
0.900 (0.951)
0.899 (0.950)
0.901 (0.952)
0.904 (0.951)
0.901 (0.947)
0.898 (0.948)
0.900 (0.950)
0.900 (0.947)
0.899 (0.949)
0.897 (0.947)
0.893 (0.949)
0.900 (0.950)
0.901 (0.950)
0.902 (0.951)
0.904 (0.951)
0.904 (0.954)
0.901 (0.949)
0.903 (0.951)
0.903 (0.953)
0.900 (0.952)
0.900 (0.949)
0.900 (0.946)
0.900 (0.951)
0.894 (0.948)
0.900 (0.950)
0.900 (0.949)
0.897 (0.950)
0.905 (0.953)
0.900 (0.952)
0.897 (0.951)
0.901 (0.951)
0.899 (0.949)
0.900 (0.951)
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Table 4.2 Estimate and confidence interval for θ1 = β/α

MLE
0.9083 (0.6207, 1.3300)

πm
0.9257 (0.6207, 1.3300)

5. Concluding remarks
In Topp-Leone models, we have developed the matching prior and the reference prior for
the objective Bayesisn inference of the ratio of scale parameters. We found that the reference
prior and Jeffreys’ prior meet a second order matching criterion, and have the same form.
As shown the numerical results of our simulation study, the matching prior is very close
to the target coverage probabilities even in small samples. Thus we recommend the use of
the matching prior for the objective Bayesian inference of the ratio of scale parameters in
Topp-Leone distributions.
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