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Abstract
We take genomic sequences of high-dimensional low sample size (HDLSS) without
ordering of response categories into account. When constructing an appropriate test
statistics in this model, the classical multivariate analysis of variance (MANOVA) approach might not be useful owing to very large number of parameters and very small
sample size. For these reasons, we present a pseudo marginal model based upon the
Gini-Simpson index estimated via Bayesian approach. In view of small sample size, we
consider the permutation distribution by every possible n! (equally likely) permutation
of the joined sample observations across G groups of (sizes n1 , . . . nG ). We simulate data
and apply false discovery rate (FDR) and positive false discovery rate (pFDR) with
associated proposed test statistics to the data. And we also analyze real SARS data
and compute FDR and pFDR. FDR and pFDR procedure along with the associated
test statistics for each gene control the FDR and pFDR respectively at any level α for
the set of p-values by using the exact conditional permutation theory.
Keywords: Gini-Simpson index, HDLSS, FDR, MANOVA

1. Introduction
We take HDLSS data in a wide variety of areas into account. We have HDLSS model
abundant in genomic studies, particularly, when sample size n is very small and we have
diverse epidemiological strata G(> 2). Multivariate analysis of variance (MANOVA) (Kim
and Lee, 2016) should not be proper. An crucial task is to identify the most significantly
differently expressed genes (or positions) among thousands of genes. The question is: which
genes are significantly differentially expressed among the groups? The important fact of this
study is that the number of genes in a sequence (K) is much larger than the number of
sequences (n), which means we deal with HDLSS data.
Traditional methods in this multiplicity context control the family-wise error rate (FWER),
which is defined as the probability of committing any type I error among all hypotheses, at
a preassigned level α. It is, however, usually unsuitable to use FWER, with a large number of possibly correlated genes tested, thus missing truly differentially expressed genes and
other genes. Thus, control of FWER is too conservative especially when dealing with too
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many hypotheses such as microarray experiments or other genomic studies (Jang, 2013; Seo
et al., 2014). Benjamini and Hochberg (1995) introduced the concept of FDR defined as the
expected proportion of false positives (i.e., true null hypotheses) among all rejected hypotheses under independence assumption among them. Many FDR procedures are developed by
many researchers while applied to a variety of scientific data (Benjamini and Hochberg,
1995, Storey, 2002; Storey, 2003; Sarkar, 2002).
Table 1.1 Multiple hypothesis testing
True hypotheses
Non-true hypotheses
Total

the number not rejected
U
T
m−R

the number rejected
V
S
R

Total
m0
m − m0
m

F DR = E(V /R|R > 0)P r(R > 0).
FDR procedure is a much more enhanced version of multiple testing procedure than the
FWER procedure when dealing with such multiple testing problem in a wide variety of
association studies. Most of the FDR procedures, however, have not been used extensively
in genomic studies compared to gene expression studies since response variable is categorical
mostly in genomic studies.
In view of multiple testing problem, a response variable is usually continuous, but might be
categorical, or qualitative, which is an HDLSS categorical data setup, making the multiplicity
problems much more complicated. Thus, we handle this multiplicity problem by utilizing
the pseudo-marginal model with Bayesian estimator.
In Section 2.1, a general framework of SNP model is outlined. In Section 2.2, the Bayesian
estimator of the Gini-Simpson index and corresponding p−values are presented in the proposed model. In Section 3, simulated data and real SARS data are analyzed by computing
multiple testing procedures. The last Section is devoted to the concluding remarks.

2. Model description
2.1. A pseudo marginal model
Severe acute respiratory syndrome (SARS) is an infectious disease of zoonosis origin by the
SARS coronavirus (SARS-CoV). An SARS in southern China brought about an 8,098 cases,
774 deaths in 37 countries, mostly in China, according to the World Health Organization
(WHO) between November 2002 and July 2003. SARS cases have not been reported since
2004. As its origin in Southern China, in the SARS epidemic, we report 8425 infected people
and 915 deaths. For this SARS epidemic models, there are 1000 genes (or positions) for each
sequence and 20 corresponding samples which are downloaded from four locations, Guadong,
Beijing, Hongkong and Taiwan. The response variables denote a, c, g and t which have even
not ordered categories. We construct a general model which consists of G(> 2) groups of
sequences.
There are K positions in each genomic sequence with a categorical response with C categories for each position. ngkc is denoted as the number of responses in category c at site k
in the g−th group, c = 1, ..., C; k = 1, ..., K and g = 1, ..., G. We have a set C of C K joint
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labels c = (c1 , ..., cK ) in which each ck has value 1, ..., C. We have the
P number of observations
in
the
g−th
group
with
c
as
n
(c),
c
∈
C,
in
addition,
with
g
c∈C ng (c) = ng and
P
π
(c)
=
1,
∀g
=
1,
...,
G.
The
multi-dimensional
multinomial
law
is as following
c∈C g
ΠG
g=1 [

ng !
Πc∈C {πg (c)}ng (c) ].
Πc∈C (ng (c)!)

We consider the number of unknown parameters as q 0 = G(C K -1), but this number
PG
is, however, too large compared with sample size n (= g=1 ng ). The law should not be
proper owing to this problem. Thus, the MANOVA approach should be useless. For these
reasons, we propose the pseudo-marginal diversity measures which may be joined into a
synthetic one, resulting in producing a less rigid categorical MANOVA. We define a singlenucleotide polymorphism (SNP) as a kind of variation in a single nucleotide to occur at a
specific position in a genome with each variation present to large degree within a population.
For our SARS epidemic model, we present the SNP model with HDLSS by presenting the
proposed pseudo-marginal approach. In the SARS SNP model, we do not have ordered
categories. Thus, an ordering should not be feasible. The Hamming distance, however, should
have ordering. Individual statistics should not have a specific null hypothesis distribution.
Henceforth, permutation distribution is useful so as to construct a permutation test. We
construct a pseudo-marginal approach with suitable test statistic developed by Bayesian
estimation approach (Kang, 2015). FDR procedure associated with the test statistic may be
a suitable tool in genomic studies. We take these perspectives into account in a non-usual
statistical analysis by using the simulated SARS epidemic model and we compute FDR and
pFDR. And we also analyze 2002-03 real SARS data and calculate FDR and pFDR.
2.2. Proposed Gini-Simpson index
As stated before, multi-dimensional multinomial law with multi-sample should not be feasible. The independence assumption can be tenable across observations but within-group
should not be independent in separated sequences. The K positions should not have independent responses in each sequence. And they are not identically distributed. We need to
take different measure of diversity into account under inter-position dependence assumption. Gini (1921) considered some useful diversity measure which directed the way to future
research in diversity analysis of categorical data models. Simpson (1949) proposed the same
diversity one, though not knowing the Gini measure.
We consider measures of economic inequality and poverty index usually based upon the
Gini-Simpson coefficient or other income inequality measures. We have a relatively more
prominent qualitative flavour in view of diversity. In a context of that, the Gini-Simpson
index should be tenable. The Gini-Simpson diversity index has very suitable use in a wide
variety of areas, for example, econometry, psychometry, environmetrics, genetics, and bioinformatics. In particular, in econommic, social and environmental studies, we have ordinal
variables and grouped data sets, so that the Gini-Simpson index requires an different way
of data summarization and interpretation.
PC
Now we utilize the following Gini-Simpson index: I(π) = 1 − π t π = 1 − c=1 πc2 , where
π = (π1 , . . . , πC )t in a multinomial population with C cells. We define I(πgk ) for each
PC
t
k = 1, . . . , K and each g = 1, . . . , G with I(π)gk = 1 − πgk
πgk = 1 − c=1 πgkc , for each
g(= 1, . . . , G) and k(= 1, . . . , K). In addition, we define I(πk ) in the joined sample, for
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PK
each k = 1, . . . , K. with H(Πg ) = 1/K k=1 I(π)gk , g = 1, . . . , G as Hamming distance
measure. For genomic studies, the following multiple hypotheses are considered by way of
the Gini-Simpson index.
H0 : I(π)1k = I(π)2k = · · · = I(π)Gk ,

k = 1, ..., K.

vs
H1 : There are at least one of k’s that I(π)gk 6= I(π)g0 k ,

1 ≤ g 6= g 0 ≤ G, k= 1, . . . ,K.

Our main interest focuses on the estimation of the Gini-Simpson diversity index in many
interdisciplinary research area involved in HDLSS data, though Gini-Simpson index does
not always give good result
To motivate the problem, we consider a multinomial model in K qualitative categories as
1, . . . , K having each cell probability vector π = (π1 , . . . , πK ). The Gini-Simpson diversity
is as following
I(π)

=

1 − π0 π

=

1−

K
X

πk2 .

k=1

Let x = (n1 , n2 , . . . , nK )t be the observed data. The likelihood for π is proportional to
Q K ni
i=1 π . The conjugate density is the Dirichlet given by
g(π) =

PK
K
Γ( k=1 αk ) Y αk −1
π
ΠK
k=1 Γ(αk ) k=1

(2.1)

PK
−αk )
Let M = k=1 αk . Then E(πk ) = αMk , Var(πk )= αMk (M
2 (M +1) . The posterior density is also
Dirichlet with parameters {nk + αk } with the following.
PK
Γ( k=1 (nk + αk )) K nk +αk−1
g(π|n1 , n2 , . . . , nK ) = QK
Πk=1 π
.
k=1 Γ(nk + αk )

(2.2)

nk +αk
We can get the expectation E(πk |n1 , n2 , . . . , nK ) = (n+M
) from this Dirichlet posterior
0
density. Thus, I(π) = 1 − π π under the minimum mean squared error loss function is
estimated as follow.
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ˆ
The Bayes estimator I(π)
= E(I(π)|n1 , n2 , . . . , nK ) is
ˆ
I(π)

PK
Γ( k=1 nk + αk ) K K nk +αk −1
=
· · · (1 − π π) K
Π
π
π
dπ1 dπ2 · · · dπK
Πk=1 Γ(nk + αk−1 ) k=1 k=1
PK
Z
Z
K
X
nk + αk ) K nk +αk −1
2 Γ(
Π
π
dπ1 dπ2 · · · dπK
=
· · · (1 −
πk ) K k=1
Πk=1 Γ(nk + αk−1 ) k=1 k
k=1
PK
Z
Z
Γ(
nk + αk ) K nk +αk −1
2
= 1 − [ · · · (π12 + · · · + πK
) K k=1
Π
π
dπ1 dπ2 · · · dπK ]
Πk=1 Γ(nk + αk−1 ) k=1 k
PK
Γ( k=1 nk + αk )
1
1
1
1
[
= 1− K
···
+ ··· +
···
]
nK + αK
n1 + α1
nK + αK + 2
Πk=1 Γ(nk + αk ) n1 + α1 + 2
PK
PK
nk +αk
Γ( k=1 nk + αk ) k=1 nk +α
k +2
(2.3)
= 1− K
Πk=1 Γ(nk + αk ) ΠK
n
+
αk
k
k=1
Z

Z

0

By using (2.3), we compute the Bayesian version of estimated Gini-Simpson index.
In this context, the Gini-Simpson index draws out desirable statistical conclusions in
HDLSS models. Sen (2005) and Tsai and Sen (2010) estimated the Gini-Simpson index by
using the Hamming distance with U-statistics. Considering small sample size with misclassification more, we propose the Bayesian version of the estimator of the Gini-Simpson index
above.
Especially when sample size is very small, a conclusion based upon the large-sample distribution might lead to misleading results. Besides, the p−values have discrete distribution
for not sufficiently large n. We should not assume uniform distribution for the associated
p−values under the null hypothesis. Hence, we had better simulate the permutation distriˆ
bution of each test statistic L(= I(π)).
We take the permutation distribution into account
for small to moderately-sized sample sizes, n1 , ..., nG by taking every possible n! (equally
likely) permutation of the sample observations across G groups (sizes n1 , ..., nG ). Henceforth, we have conditionally distribution-free tests. The resulting p−value defines as below.
P r(L > l|H0 ) , where L should be a test statistic. The permutation distribution of L may be
symmetric about zero under the null hypothesis, with mean E0 (L) = 0 whereas the distribution under the alternative hypothesis is skewed to the right. Thus, a right-sided test should
be used. However, even if the distribution-free property holds under the null hypothesis, the
distributions are much more complicated to evaluate.

3. Numerical study
3.1. Simulation study
As for simulation study, we simulate 900 random positions for each sequence and 25 corresponding samples generated in five locations. The response variables denotes a, b, c and
d. A test statistic and resulting p−value should be computed in each position. In general,
individual statistic does not have a specific null hypothesis distribution. For these reasons,
we use permutation distribution. We generate the permutation distribution by taking 20!
(equally likely) permutations of sample observations across four groups of (sizes 5,5,5 and 5).
Then, we have each conditionally distribution-free test for the test statistic L. The resulting
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p−value defines as follows. P r(L > l|H0 ), where L should be a test statistic in the permuted
distribution. Storeys FDR procedure (Storey, 2002), Benjamini and Hochberg procedure
(BH) (Benjamin and Hochberg, 1995), Benjamini and Liu (BL) (Benjamini and Liu, 1999)
procedure are calculated in association with p−values using test statistics based on normal
theory (MANOVA) (Storey (normal), BH (normal), and BL (normal)) with α = 0.1 , 0.05,
and 0.01 and π0 (the proportion of true null) in Table 3.1. Besides, we calculate the procedures (Storey (proposed), BH (proposed), and BL (proposed)) in association with proposed
test statistics. All the FDR procedures combined with proposed test statistics control the
FDR at any level α whereas FDR procedures associated with test statistics based upon
MANOVA do not control the FDR. Table 3.2 displays Storey’s pFDR procedures (Storey,
2003) associated with proposed test statistics (pFDR (proposed)) and test statistics based
on MANOVA (pFDR (normal)). pFDR procedure with proposed test statistics controls the
pFDR at any level α while pFDR procedure with test statistics based upon MANOVA does
not control the pFDR.
Table 3.1 FDR- Gini-Simpson index.
α
π0 Storey (proposed) BH (proposed) BL (proposed) Storey (normal) BH (normal) BL (normal)
0.1 0.40
0.057
0.058
0.054
0.068
0.069
0.089
0.60
0.064
0.069
0.069
0.079
0.120
0.110
0.80
0.099
0.088
0.089
0.110
0.130
0.140
0.05 0.40
0.030
0.034
0.024
0.044
0.051
0.051
0.60
0.031
0.023
0.033
0.048
0.052
0.052
0.80
0.041
0.047
0.046
0.051
0.052
0.054
0.01 0.40
0.006
0.004
0.004
0.008
0.011
0.009
0.60
0.007
0.006
0.007
0.010
0.012
0.010
0.80
0.009
0.009
0.008
0.011
0.012
0.012

Table 3.2 pFDR- Gini-Simpson index.
α
0.1

0.05

0.01

π0
0.40
0.60
0.80
0.40
0.60
0.80
0.40
0.60
0.80

pFDR (proposed)
0.037
0.054
0.100
0.022
0.032
0.044
0.007
0.008
0.009

pFDR (normal)
0.087
0.099
0.120
0.038
0.051
0.054
0.009
0.011
0.013

3.2. Real data analysis
We consider a much high-dimensional qualitative categorical model for SARS sequences.
There are K=1000 genes (or positions) for each sequence. There are n (=20) SARS sequences
downloaded from Guadong, Beijing, Hongkong and Taiwan: n1 (= 5) from Guadong, n2
(= 5) from Beijing, n3 (= 5) from Hongkong and n4 (= 5) from Taiwan. The responses
constitute not even ordered categories, a, c, g and t. An ordering might not be tenable. In
each position, the test statistics and resulting p−value are calculated as we did in simulation
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study. Then, we apply FDR procedure and pFDR procedure to each p−value. Storeys FDR
procedure, Benjamini and Hochberg procedure, Benjamini and Liu procedure are calculated
with p−values using test statistics by MANOVA (Storey (normal), BH (normal), and BL
(normal)) with α = 0.1 , 0.05, and 0.01 in Table 3.3. Also, we compute the procedures (Storey
(proposed), BH (proposed), and BL (proposed)) combined with proposed test statistics. In
conclusion, the FDR procedures associated with proposed test statistics control the FDR
at any level α whereas FDR procedures associated with test statistics by MANOVA do not
control the FDR. Table 3.4 displays Storey’s pFDR procedures associated with proposed
test statistics (pFDR (proposed)) and test statistics by MANOVA (pFDR (normal)). pFDR
procedure associated with proposed test statistics controls the pFDR at any level α whereas
pFDR procedure associated with test statistics by MANOVA does not control the pFDR.
Table 3.3 FDR- Gini-Simpson index.
α Storey (proposed) BH (proposed) BL (proposed) Storey (normal) BH (normal) BL (normal)
0.1
0.077
0.078
0.074
0.110
0.110
0.120
0.05
0.030
0.044
0.044
0.054
0.055
0.054
0.01
0.008
0.009
0.007
0.011
0.009
0.012

Table 3.4 pFDR- Gini-Simpson index.
α
0.1
0.05
0.01

pFDR (proposed)
0.080
0.042
0.008

pFDR (normal)
0.110
0.058
0.011

4. Concluding remarks
We took an SNP model with HDLSS motivated by 2002-03 SARS model into consideration. Response variable for this genomic sequence is mostly categorical but the MANOVA
approach is not tenable due to very large number of parameters and very small sample size.
For these reasons, we presented a pseudo-marginal model based upon proposed test statistics. For proposed test statistics, we utilize the Gini-Simpson index estimated via Bayesian
estimation approach. For small sample size, we generated the permutation distribution by
taking every possible n! permutation of the sample observations across the G groups. Then,
we applied FDR and pFDR procedure to simulated data and real SARS epidemic genomic
sequence. These procedures associated with proposed test statistics control the FDR and
pFDR at any level α respectively whereas these procedures with test statistics by MANOVA
failed to control the FDR and pFDR.
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