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Abstract
For multivariate or correlated survival data semi-parametric frailty models with nonparametric baseline hazards, extensions of Cox’s (1972) proportional hazards models,
has been often used. The marginal likelihood has been usually used for the inferences,
but it often requires the computation of difficult integration in integrating out the
frailty terms. In this paper we propose a Laplace approximation approach based on
hierarchical likelihood for the frailty models. The proposed method is demonstrated
via simulation study and two well-known real data sets. In particular, the simulation
results show that our method is better than standard h-likelihood method in terms of
bias.
Keywords: Frailty models, hierarchical likelihood, Laplace approximation, multivariate
survival data.

1. Introduction
Various estimation methods have been developed for the inference of semi-parametric
frailty models with nonparametric baseline hazards, i.e. Cox’s proportional hazards models
(Lee and Lee, 2017) allowing for random effects (Ha et al., 2017). It is well known that
the likelihood-based estimation methods are useful. For example, the maximum likelihood
(ML) method is popular, but it requires the computation of a marginal likelihood (i.e. observed likelihood); it often involves an intractable integral in integrating out the frailty terms
(i.e. random effects). The marginal likelihood generally does not give an explicit form except for gamma frailty model, leading to an numerical integration. For example, log-normal
frailty model with normally distributed random effect does not provide a closed form for the
marginal likelihood. Thus, Ha et al. (2001) proposed the use of the hierarchical likelihood
†
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(h-likelihood; Lee and Nelder, 1996) which avoids the integration itself. The h-likelihood
provides a statistically efficient procedure for various random-effect models including generalized linear mixed models (GLMMs), hierarchical generalized linear models (HGLMs) and
survival random-effect models such as frailty models and mixed-effects survival models (Lee
et al., 2017; Ha and Noh, 2013; Ha and Cho, 2015; Kim et al., 2016; Ha et al., 2017).
The h-likelihood performs well the semi-parametric frailty models under moderate censoring, but we need to study the performance for the high-censoring. For this purpose, we
propose a Laplace approximation (LA) method based on the h-likelihood under the semiparametric frailty models. It is also well known that the LA method works well as the cluster
size increases, but that it may lead to a serious bias when cluster size is small (Lee et al.,
2001). The higher-order approximation generally reduces such bias (Lee et al., 2017).
The paper is organized as follows. In Section 2 we describe the data structures and the
h-likelihood for the frailty models. In Section 3 we propose the LA estimator based on the
h-likelihood. In Section 4 we present a simulation study to evaluate the performance the
proposed method. The proposed method is illustrated using two well-known data examples
in Section 5. Finally, some discussions are given in Section 6.

2. H-likelihood approach for frailty models
Suppose that data consist of censored time-to-event (survival time) observations from
q subjects (or P
clusters), with cluster size ni , i = 1, . . . , q. Let Tij (i = 1, . . . , q; j =
1, . . . , ni ; n = i ni ) be the survival time for the jth observation of the ith subject. Here,
q is the number of subjects and n is the total sample size. Let Ui be an unobserved frailty
(random effect) of the ithe subject. Given the unobserved frailty for the ith subject Ui = ui ,
the conditional hazard function of Tij is of the form
λij (t|ui ) = λ0 (t) exp(xTij β)ui ,

(2.1)

where λ0 (·) is an unspecified baseline hazard function, xij = (xij1 , . . . , xijp )T is a vector
of fixed covariates, and β = (β1 , . . . , βp )T is a vector of the corresponding regression parameters. For identifiability purposes, the term xTij β in the model (2.1) does not include
an intercept term. Suppose that the frailties Ui are independent and identically distributed
random variables with frailty parameter α; the gamma and lognormal frailty models assume
gamma and lognormal distributions for Ui , respectively. In this paper we are interested in
lognormal frailty model with log-frailty Vi = log Ui ∼ N (0, α); its marginal likelihood dose
not give a closed form. Let Cij be censoring time corresponding to Tij . Then the observable
random variables be
Yij = min(Tij , Cij ) and δij = I(Tij ≤ Cij ),
where I(·) is the indicator function. In this paper we assume the non-informative censoring
given frailty ui (Ha et al., 2001, 2017).
The functional form of λ0 (t) in the model (2.1) is unknown. For the baseline cumulative
Rt
hazard function Λ0 (t) = 0 λ0 (k)dk, Breslow (1972) proposed the use of a step function with
jumps at the observed event times, i.e.
X
Λ0 (t) =
λ0k ,
k:y(k) ≤t
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where y(k) is the kth (k = 1, . . . , r) smallest distinct event (e.g. death) time among Yij , and
λ0k = λ0 (y(k) ). Along the lines of Lee and Nelder (1996), the h-likelihood (Ha et al., 2001,
2017) for the model (2.1) is defined as
X
X
h = h(β, λ0 , v, α) =
`1ij +
`2i ,
(2.2)
ij

i

where
X

`1ij

=

X

=

X

ij

δij {log λ0 (yij ) + ηij } −

ij

X
{Λ0 (yij ) exp(ηij )}
ij

d(k) log λ0k +

k

X

δij ηij −

X

ij

k


λ0k

X


exp(ηij ) ,

(i,j)∈R(k)

`1ij = `1ij (β, λ0 ; yij , δij |ui ) is the logarithm of the conditional density function for Yij and
δij given Ui = ui , `2i = `2i (α; vi ) is the logarithm of the density function for Vi = log(Ui )
with parameter α, and the linear predictor on the log-hazard
ηij = xTij β + vi
with vi = log(ui ). Here v = (v1 , . . . , vq )T , λ0 = (λ01 , . . . , λ0r )T , d(k) is the number of events
at y(k) and R(k) = R(y(k) ) = {(i, j) : yij ≥ y(k) } is the risk set at y(k) . In (2.2), the
loglikelihood of the ith subject is the logarithm of the joint density of (Yi , δi , Vi ), where
Yi = (Yi1 , . . . , Yini )T and δi = (δi1 , . . . , δini )T .

3. Proposed Laplace approximation
For estimating fixed effects λ0 = (λ01 , . . . , λ0r )T and β = (β1 , . . . , βp )T , the standard hlikelihood methods (Ha et al., 2001; Ha and Lee, 2003) have, respectively, used h and the
profile h-likelihood
h∗ = h|λ0 =λe0 ,
(3.1)
e0k slove ∂h/∂λ0k = 0. Note here that the dimension of λ0 increases with the sample
where λ
size n and that r is the number of distinct event times among the Yij ’s. We have shown
that the standard h-likelihood method based on h∗ in (3.1) provides a reasonable estimator
by eliminating many nuisance parameters λ0k caused by no censoring or a lower censoring
(Ha and Lee, 2005; Ha et al., 2010). In such cases, the marginal ML estimators under
gamma frailty models could suffer from substantial biases, particularly for frailty parameter
α (Barker and Henderson, 2005; Ha et al., 2010). However, we have found that the standard
h-likelihood methods can give a bias estimator for lognormal frailty with high censoring: see
the simulation results in Section 4. Thus, below we propose the use of a LA method based
on h-likelihood.
Let ` = `(β, θ) be a likelihood, either an h-likelihood, h, or a marginal likelihood, m, with
nuisance parameters θ. Lee and Nelder (2001) considered a function pθ (`), defined by
pθ (`) = [` −

1
log det{D(`, θ)/(2π)}]|θ=θb ,
2

(3.2)
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where D(`, θ) = −∂ 2 `/∂θ2 and θb solves ∂`/∂θ = 0. The function pθ (·) produces an adjusted
profile likelihood, eliminating nuisance effects θ, which can be fixed effects (β, λ0 ) or random
effects v or both. Following the notation of (3.2), we define an adjusted profile h-likelihood
pv (h) as
1
pv (h) = [h − log det{D(h, v)/(2π)}]|v=bv ,
(3.3)
2
where D(h, v) = −∂ 2 h/∂v 2 and vb solves ∂h/∂v = 0. Then pv (h) is the function of parameters
(λ0 , β, α) and it becomes the first-order LA to marginal likelihood m, given by
Z
m = log{ exp(h)dv}.
For the estimation of fixed effects (β, λ0 ) we propose the use of pv (h). Following BarndorffNielsen and Cox (1989), we see that as n∗ = min1≤i≤q ni → ∞, we have the relationship
between m and pv (h) (Lee and Nelder, 2001; Ha et al., 2017):
m = pv (h) + O(n∗−1 ).
Note here that pv (h) produces an adjusted profile h-likelihood for (β, λ0 , α) with v eliminated
(Lee and Nelder, 2001); that is, it can be expressed as
pv (h) = ĥ −

q
1
log det(D̂) + log(2π),
2
2

where ĥ = h|v=v̂ is a profile likelihood for (β, λ0 , α) after eliminating v and D̂ = D(h, v̂) =
(−∂ 2 h/∂v 2 )|v=v̂ . In the gamma frailty model, given
P α, for the estimation of (β, λ0 ) the uses
of pv (h) and h are equivalent because D̂ = α−1 + j δij which is free of (β, λ0 ). However, in
the log-normal frailty model, given α, the use of pv (h) for the estimation of (β, λ0 ) may be
crucial when censoring rate is high because pv (h) and h give different estimators for (β, λ0 ).
We see that in gamma frailty model, given α, the marginal MLE for fixed effects (β, λ0 ) can
be obtained by maximization of h (or pv (h)) as in Poisson-gamma HGLM. Thus, for the
gamma frailty model the LA estimators leads to the marginal ML estimators for (β, λ0 ),
given α.
Next, for the estimation of frailty parameter α, the standard h-likelihood method (Ha and
Lee, 2003; Lee et al., 2017) based on the profile h-likelihood h∗ uses the second-order LA,
sβ,v (h∗ ) as in the HGLM procedure. Here, sβ,v (h∗ ) is given by
sβ,v (h∗ ) = pβ,v (h∗ ) − F (h∗ )/24.
Here
∗

F (h ) =

q 
X
i=1

(3.4)

 4 ∗
 3 ∗ 2 
∂ h
∂ h
2
−3
bii − 5
b3ii |v=bv ,
∂vi4
∂vi3

where bii is the ith diagonal element of D(h∗ , v)−1 . For efficiency of computation, we use
F (h) instead of F (h∗ ) (Ha et al., 2010, 2017).
In summary, we propose the use of pv (h) for the estimation of (β, λ0 ) and that of sβ,v (h)
for the estimation of α, respectively. In other words, (i) given α, the LA estimates of (β, λ0 )
are obtained by maximizing pv (h) and (ii) given the estimates of (β, λ0 ), the LA estimate
of α is obtained by maximizing sβ,v (h∗ ). Their performances are assessed via simulation
studies below.
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4. Simulation study
Numerical studies, based on 200 replications of simulated data, are presented to evaluate
the performance of the proposed method. The simulated data are generated from lognormal
frailty model (2.1) having exponential baseline hazard λ0 (t) = 1, one single binary covariate
with β and the variance of Normal frailty α ≡ σ 2 . Here, the true values are σ 2 = β = 1.
The censoring distribution is an exponential and the censoring rate is considered as a high
censoring with about 70% censoring. We consider a sample size n = 200 with (q, ni ) =
(100, 2) for all i:
We computed the mean and mean squared error (MSE) of estimates of parameters θ =
P
(β, σ 2 )T . The MSE is defined by i (θb(i) − θ)2 /M , where θb(i) is the estimate of θ in the ith
P
replication and θ̄ = i θb(i) /M is the mean of θb(i) ’s, and θ = σ 2 or β.
From Table 4.1 we find that the h-likelihood (HL) method shows a downward bias for σ 2 ,
leading to also a downward bias for β. However, we observe that the LA method improves
the h-likelihood (HL) method in terms of biases for (σ 2 , β). In particular, the LA method
for σ 2 gives smaller MSEs as compared to the HL method. These results indicate that the
proposed LA method is reasonable under a high censoring.
Table 4.1 Simulation results based on 200 replications for the estimation of parameters in log-normal
frailty model (70% censoring).

Method

σˆ2
Mean

MSE

β̂
Mean

MSE

HL
LA

0.813
0.975

0.479
0.436

0.909
0.982

0.133
0.153

Note: HL, h-likelihood method; LA, Laplace approximation method; β, regression parameter; σ 2 ,
variance of log-frailty.

5. Real data examples
In this section we illustrate the proposed LA method using two practical examples with
well-known real data with high censoring. For the model fitting and computation, we used
SAS/IML.
Example 1: Litter matched rat data. Mantel et al. (1977) presented a survival data set
from a tumorigenesis study of 50 litters of female rats. For each litter, one rat was selected
to receive the study drug and the other two rats were treated with placebo. Here, each litter
can be treated as a cluster. Thus, the data consists of n = 150 having q = 50 litters with each
three litter size (ni = 3 for all i). Here, survival time (time-to-event) is time to development
of tumor, measured in weeks. Forty rats among 150 rats developed a tumor, leading to about
73.3% censoring. Survival times for rats within a litter may be correlated due to the shared
genetic or environmental effects. We thus fitted the log-normal frailty model with a single
covariate, treatment (1 for drug and 0 for placebo). The fitted results are summarized in
Table 5.1.
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Table 5.1 Results on the estimation of parameters in the litter-matched rat data (73.3% censoring).
Method

β̂1 (SE)

σˆ2

HL
LA

0.903 (0.321)
1.056 (0.323)

0.315
0.472

Note: HL, h-likelihood method; LA, Laplace approximation method; β, regression parameter; σ 2 ,
variance of log-frailty; SE, the estimated standard error.

Table 5.1 shows that the LA estimates of β and α are larger than the corresponding HL
estimates. The trends of the results in Table 5.1 are overall similar to those evident in Table
4.1.
Example 2: CGD data. The CGD (chronic granulomatous disease) data set is from a
placebo-controlled randomized trial of gamma interferon in CGD (Fleming and Harrington,
1991). This trial aimed to investigate the effectiveness of gamma interferon (γ-IFN) in reducing the rate of serious infections in the CGD patients. In total, 128 patients from 13
hospitals were followed for about 1 year, and they had recurrent infections with different
cluster size ni , ranging from 1 to 8. The number of patients accrued per hospital ranged
from 4 to 26. Among 63 patients in the treatment group, 14 patients experienced at least
one infection and a total of 20 infections were recorded. In the placebo group, 30 out of 65
patients experienced at least one infection, with a total of 56 infections being recorded.
Here, time to event (i.e. survival time) is the gap time (i.e. inter-arrival time) between
recurrent infection times. Censoring occurred at the last follow-up for all patients, except
one, who experienced a serious infection on the date he left the study. In this study, about
63.3% of the individuals were censored. We fitted the log-normal frailty model for the gap
times, with a single covariate, treatment (0 = placebo, 1 = γ-IFN).
Table 5.2 again shows that the LA estimates of the absolute of β and α are larger than
the HL estimates. These LA results in Table 5.2 also confirm the simulation results in Table
4.1.
Table 5.2 Results on the estimation of parameters in the CGD data (63.3% censoring).
Method

β̂1 (SE)

σˆ2

HL
LA

-1.062 (0.325)
-1.151 (0.347)

0.836
1.065

Note: HL, h-likelihood method; LA, Laplace approximation method; β, regression parameter; σ 2 ,
variance of log-frailty; SE, the estimated standard error.

6. Discussion
We have found via simulation studies that the proposed LA method reduces the bias
caused by the standard h-likelihood method when the censoring rate is high. Note that the
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estimates of nuisance parameters λ0 or Λ0 (t) are plugged in the h-likelihood procedure. The
standard h-likelihood method of nuisances parameters using h may give biased estimates
in such extreme cases such as a high censoring because plugging these poor estimates in
the likelihood may result in a bias in parameter estimation. However, with the proposed
LA method the λ0 are obtained by maximizing pv (h), not h. In Table 4.1 we presented the
simulation results of a high censoring rate only such as 70%. Thus, simulation studies with
various censoring rates seem to be necessary as a future work.
Furthermore, for the gamma frailty model the h-likelihood method for λ0 given (β, σ 2 )
provides the same estimators as the ML method. Thus, the standard h-likelihood method
may work well even in high censoring even if it require a further study including simulation study. However, theoretical justifications related to the estimation of λ0 would be an
interesting future work.
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