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Abstract
In this paper, we develop the noninformative priors for P (Y < X) when X and Y have
independent Lévy distributions. We develop the matching priors and the reference priors as the noninformative priors. The developed matching prior is a prior distribution
that matches the alternatives coverage probabilities, and a prior distribution that satisfies the criterion of a highest posterior density. In addition, we derived the reference
prior, and it was shown that this reference prior becomes the second order matching
prior, and is equal to Jeffreys’ prior. Through simulations, we showed that the matching prior performs very reasonably in terms of coverage probability. Furthermore, the
matching prior showed that even when the sample size was small, it was well matched
with the target coverage probability. An example is given at the end.
Keywords: Matching prior, ratio of scale parameters, reference prior, stress-strength
reliability.

1. Introduction
Lévy distribution and the more general alpha-stable distribution have received applications in many areas, including dispersive transport in disordered semiconductors, stock and
stock-indexes returns, stochastic artificial neural networks, satellite magnetic field measurements, models for circular data, models of asset trading, edge turbulence of fusion devices,
modeling individual behavior in a large marine predator, evolutionary programming using
mutations, fractal structures, models for fish locomotion, velocity difference in systems of
vortex elements and random field models for geological heterogeneity, etc (Najarzadegan et
al., 2016). Three of the most applications are the observations of anomalous diffusion (Sagi
et al., 2012), the daily price fluctuations in the Mexican financial market index (Alfonso et
al., 2012) and the bistable systems (Srokowski, 2012).
In Lévy distributions, the stress-strength reliability R = P (Y < X) and the ratio of
two scale parameters have a one-to-one correspondence. Then X and Y can be expressed
as follow. That is, earthquake magnitudes at two different locations, stock returns for two
†
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different commodities, traffic at two different locations, oil prices in two different countries,
etc. The estimation of stress-strength reliability plays an important role in the reliability
studies. If Y is the strength of a system which is subjected to stress X, then the reliability
R measures the performance of the system, which is often used in terms of the mechanical
reliability of a system. It seems to be the first work by Birnbaum and McCarty (1958) to
put R in the title. Najarzadegan et al. (2016) worked the estimation for the stress-strength
reliability in Lévy distribution. There are several works on the inference procedures for
the reliability R. We refer the readers to Kotz et al. (2003) and references therein for the
applications of the reliability R.
The study for comparison of two scale parameters in Lévy distributions has not been
considered yet in objective Bayesian prospective. Also the ratio of scale parameters has a
one-to-one relationship with the stress-strength reliability. Thus in this paper, we would
like to pay attention to the development of noninformative priors, when the parameter of
interest is the ratio of the scale parameters. In Bayesian statistics, there is often a choice
of the prior distribution. Objective Bayesian inference was developed as a response to the
criticism that subjectivity should be excluded from scientific conclusions.
There are two perspectives in the development of noninformative priors. One of them is
the probability matching perspective presented by Welch and Peers (1963). And the other
is the reference prior suggested by Bernardo (1979). Studies on probability matching priors
include those by Mukerjee and Dey (1993), DiCiccio and Stern (1994), Datta and Ghosh
(1995, 1996) and Mukerjee and Ghosh (1997). Ghosh and Mukerjee (1992) and Berger and
Bernardo (1989, 1992) provided a general algorithm for deriving reference priors, which are
successful in various statistical problems (Ko et al., 2018; Lee et al., 2019). Reference priors
can occasionally be matching priors.
The sections of the paper are organized as follows. Firstly, we want to derive first order
and second order probability matching priors in Section 2. The developed matching prior
is a prior distribution that matches the alternatives coverage probabilities, and a prior distribution that satisfies the criterion of a highest posterior density (HPD). In addition, we
derive the reference prior, and it is shown that this reference prior becomes the second order
matching prior, and is equal to Jeffrey’s prior. In section 3, we provide the conditions for
whether the posterior distribution derived from the general prior including the developed
prior is appropriate. It also derives the posterior distribution of the ratio of the scale parameters. In section 4, we investigate the properties of the prior developed through simulation
study in terms of coverage probability, and a practical example is given.

2. The noninformative prior
Consider X has a Lévy distribution with the scale parameter σ. Then the probability
density function is
r
n σo
σ
− 32
exp −
, x > 0,
(2.1)
f (x|σ) = x
2π
2x
where σ > 0. Let x1 , x2 , . . . , xn1 denote observations from Lévy distribution with scale
parameter σ1 and y1 , y2 , . . . , yn2 denote observations from Lévy distribution with scale pa-
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rameter σ2 . Then likelihood function is given by
!
( n
)
n1
n2
n2
1
 σ  n21  σ  n22
Y
Y
X
X
σ1
σ2
− 32
− 32
1
2
f (x, y|σ1 , σ2 ) =
xi
yi
exp −
.
−
2π
2π
2xi i=1 2yi
i=1
i=1
i=1
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(2.2)

Then the stress-strength reliability R by Ali and Woo (2005) is given as follows.
R=

2
1
sin−1 q
π
1+

σ2
σ1

.

(2.3)

Therefore the ratio of scale parameters σ2 /σ1 has a one-to-one relationship with the stressstrength reliability R. So in order to make objective Bayesian inference of the ratio of scale
parameters, we try to develop the noninformative priors for σ2 /σ1 .
2.1. The probability matching prior
We put θ = (θ1 , · · · , θt )T as the parameter vector. Here θ1 is the parameter of interest,
and the other parameters except θ1 are nuisance parameters. We define that θ11−α (π; X) is
the (1 − α)th posterior quantile of θ1 for a given prior π.
First, we consider the quantile matching priors that approximates the frequentist validity
of the one-sided Bayesian credible intervals based on the posterior quantiles of the onedimensional parameter of interest. That is, we identify a prior π satisfying
P [θ1 ≤ θ11−α (π; X)|θ] = 1 − α + o(n−r ), r > 0,

(2.4)

as n → ∞. Priors π satisfying equation (2.4) are called matching priors. When r = 1/2, it is
called the first-order prior distribution, and when r = 1, it is called the second-order prior
distribution.
Firstly, we want to derive the matching prior for the ratio of scale parameters. The parameter orthogonalization makes it easier to develop matching priors π. So let
θ1 =

σ2
and θ2 = σ1n1 σ2n2 .
σ1

(2.5)

Using this reparameterization, in the model (2.2), the likelihood function of the parameters
(θ1 , θ2 ) is provided by



n2
n1
1
1
− n +n
1 n1 +n
n1 +n2
2
2
1
2
L(θ1 , θ2 ) ∝ θ2 exp − θ2
θ1
S1 + θ1
S2 ,
(2.6)
2
Pn1 −1
Pn2 −1
where S1 = i=1
xi and S2 = i=1
yi . From the likelihood function (2.6), the Fisher
information matrix is provided as follows:
!
−2
n1 n2
0
2(n1 +n2 ) θ1
.
(2.7)
I(θ1 , θ2 ) =
−2
1
0
2(n1 +n2 ) θ2
Note that 1/Xi has a gamma distribution with shape parameter 1/2 and scale parameter
2/σ1 (O’Reilly and Rueda, 1998). It should be noted that θ1 is orthogonal to θ2 (Cox and
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Reid, 1987). According to (2.7), the class of the first-order probability matching prior can
be represented as follows:
(1)
πm
(θ1 , θ2 ) ∝ θ1−1 d(θ2 ),

(2.8)

where d(θ2 ) > 0 is an arbitrary function that can be differentiated on its arguments (according to Tibshirani, 1989).
The class of the prior defined in (2.8) can be transformed into the second-order probability
matching priors. Moreover, d must satisfy an additional differential equation, specified as
follows:
∂
∂
1
−3
−1
d(θ2 )
{I112 L1,1,1 } +
{I112 L112 I 22 d(θ2 )} = 0.
6
∂θ1
∂θ2

(2.9)

Now we have the following quantities.
"
3 #
n1 n2 (n2 − n1 ) −3
∂ log L(θ)
=
θ ,
L1,1,1 = E
∂θ1
(n1 + n2 )2 1
 3

∂ log L(θ)
n1 n2
L112 = E
θ−2 θ−1 ,
=−
∂θ12 ∂θ2
2(n1 + n2 ) 1 2
n1 n2
I11 =
θ−2 , I 22 = 2(n1 + n2 )θ22
2(n1 + n2 ) 1
In addition, the differential equation (2.9) can be simplified as follows:
r

∂
2n1 n2
θ2 d(θ2 ) = 0.
∂θ2
n1 + n2

(2.10)

Therefore, the set of solutions of (2.10) has the following form:
d(θ2 ) = θ2−1 .
The resulting second-order probability matching prior can be defined as follows:
(2)
πm
(θ1 , θ2 ) ∝ θ1−1 θ2−1 .

(2.11)

Remark 2.1 There are various criteria for accomplishing the matching. Datta, Ghosh and
Mukerjee (2000) suggested the equivalent condition that the second order matching priors
are the HPD matching priors (DiCiccio and Stern, 1994; Ghosh and Mukerjee, 1995). Then
−3/2
the condition of the equivalence is that the quantity I11 L111 does not depend on θ1 . Since

 3
n1 n2 (n1 + 2n2 ) −3
∂ log L(θ)
=
θ1 ,
L111 = E
∂θ13
(n1 + n2 )2
−3/2

we know that I11 L111 is independent on θ1 . Thus we can see that the second order
probability matching prior (2.11) becomes a HPD matching prior.
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Also the second order matching prior can be the alternative coverage matching prior
proposed by Mukerjee and Reid (1999). We can see


∂ log L(θ) ∂ log L(θ)
n1 n22
θ−3 ,
L11,1 = E
=
−
∂θ12
∂θ1
(n1 + n2 )2 1


n1 n2
∂ log L(θ) ∂ log L(θ)
θ−2 θ−1 .
=
L11,2 = E
∂θ12
∂θ2
2(n1 + n2 )2 1 2
And d(θ2 ) = θ2−1 . Thus we show that
o
o
∂ n
∂ n
−1/2
−3/2
L112 I 22 I11 d(θ2 ) = 0,
L111 I11
= 0,
∂θ2
∂θ1
n
o
n
o
∂
∂
−1/2
−3/2
L11,2 I 22 I11 d(θ2 ) = 0,
L11,1 I11
= 0.
∂θ2
∂θ1
So the second order matching prior (2.11) is a prior that satisfies the alternative coverage
probabilities (Mukerjee and Reid, 1999).
2.2. The reference priors
The reference priors was suggested by Bernardo (1979), and Berger and Bernardo (1992)
extended it into a general reference priors. The reference priors have been used for a long
time in the development of noninformative priors. In this section, we intend to develop
the reference priors in two different parameter groups. In the development of the reference
priors, in our case, the parameter orthogonalization is satisfied, so the reference priors can
be derived by the method of Datta and Ghosh (1995). When θ1 is the parameter of interest,
by selecting compact sets for θ1 and θ2 , the reference priors are given below.
From the Fisher information matrix (2.7), the reference prior is
πJ (θ1 , θ2 ) ∝ θ1−1 θ2−1
for the ordering group {(θ1 , θ2 )}.
For the ordering group {θ1 , θ2 }, the reference prior is
πr (θ1 , θ2 ) ∝ θ1−1 θ2−1 .
Remark 2.3 From the reference priors above, we know that the one-at-a-time reference
prior πr equal to Jeffreys’ prior πJ . Also Jeffreys’ prior and the one-at-a-time reference prior
become the second order matching prior.

3. Implementation of the Bayesian inference
We investigate the conditions for the posterior distribution derived from the general prior,
including the developed prior, to be an appropriate distribution. It also derives the posterior
distribution of θ1 . So we want to consider the general priors as follows.
π(θ1 , θ2 ) ∝ θ1−a θ2−b ,

(3.1)

where a > 0 and b > 0. Then we get the theorem of the conditions for the proper posterior
distribution as follows:
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Theorem 3.1 Under the general prior (3.1), the posterior distribution of (θ1 , θ2 ) is proper
if 3 − 2b > 0, n1 (3 − 2b) + 2a − 2 > 0 and n2 (3 − 2b) − 2a + 2 > 0.
Proof : Under the general prior (3.1) and the data (x, y), the joint posterior distribution of
θ1 and θ2 is given by as follows.



n2
n1
1
1
− n +n
1 n1 +n
n1 +n2
−a 2 −b
2
1
2
π(θ1 , θ2 |x, y) ∝ θ1 θ2 exp − θ2
θ1
S1 + θ1
S2 ,
(3.2)
2
Pn2 −1
Pn1 −1
yi . Integrating with respect to θ2 , then we have the
xi and S2 = i=1
where S1 = i=1
following density.
π(θ1 |x, y) ∝

θ1−a

1 +n2 )
− (3−2b)(n

n2
2
− n +n
θ1 1 2 (S1 + S2 θ1 )
,

(3.3)

where 3 − 2b > 0. Then integrating with respect to θ1 , we have the following quantity.
Γ[ 3n2 1 − bn1 + a − 1]Γ[ 3n2 2 − bn2 − a + 1] − n21 − n22
S1 S2 .
Γ[(3 − 2b)(n1 + n2 )/2]

(3.4)

Thus the equation (3.4) is proper if n1 (3 − 2b) + 2a − 2 > 0 and n2 (3 − 2b) − 2a + 2 > 0.
This completes the proof.

Theorem 3.2 The posterior distribution of θ1 under the general prior (3.1) is given by
π(θ1 |x, y) ∝
where S1 =

Pn1

i=1

θ1−a

x−1
and S2 =
i

1 +n2 )

− (3−2b)(n
n2
2
− n +n
1
2
,
θ1
(S1 + S2 θ1 )

Pn2

i=1

(3.5)

yi−1 .

The marginal density of θ1 exists in the closed form. Therefore, we have the marginal
posterior density of θ1 , and it use to compute the marginal moment of θ1 . In Section 4, we
investigate the frequentist coverage probabilities for the matching prior πm .

4. Numerical studies
In this section, we present the evaluation of the frequentist coverage probability by considering the credible interval of the marginal posterior density corresponding to θ1 based
on the proposed prior πm under the following configurations: (σ1 , σ2 ), and (n1 , n2 ). Tables
4.1 and 4.2 provide numerical values of the frequentist coverage probabilities corresponding
to the 0.05 (0.95) posterior quantiles and 90% (95%) credible intervals for the proposed
priors. Using pre-specified values (σ1 , σ2 ), and α, the frequentist coverage probability can
be derived as follows:
P(σ1 ,σ2 ) (α; θ1 ) = P(σ1 ,σ2 ) (0 < θ1 ≤ θ1α (π; X, Y)),

(4.1)

where θ1α (π; X, Y) is the αth posterior quantile of θ1 , given (X, Y). In particular, concerning
the fixed (σ1 , σ2 ), 10,000 independent random samples of (X, Y) are generated using the
model (2.2).
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When α = 0.05(0.95), the estimates of P(σ1 ,σ2 ) (α; θ1 ) are provided in Tables 4.1 and 4.2.
Also the coverage probabilities of 90% (95%) credible intervals are given in Tables 4.1 and
4.2. In simulation, we take 10,000 independent random samples of X and Y from model
(2.2) for a given value of (σ1 , σ2 ).
Tables 4.1 and 4.2 show that the matching prior agrees very well with the target coverage
probabilities. We also know that the matching prior gives reasonable coverage even when
the sample size is small. And it can be seen that the results are consistent with the target
coverage probabilities regardless of the change in the values of (σ1 , σ2 ).
Example 4.1 This example is taken from Najarzadegan et al. (2016). The data are
S&P/IFC (Standard & Poor’s/International Finance Corporation) global daily price indices
in United States dollars for Egypt and South Africa, the two largest economies in Africa.
The data covers the period from January 1, 1996 to October 31, 2008. The data came from
the database Datastream. According to common practice, daily log returns were calculated
as the first order differences of logarithms of daily price indices.
Let X denote the daily log returns from South Africa and Y the daily log returns from
Egypt. Then the summary statistics for the data on X are given as follows: Range = 0.07885,
First Quartile = 0.02064, Median = 0.02672, and Third Quartile = 0.03427. Also the summary statistics for the data on Y are given as follows: Range = 0.08633, First Quartile =
0.01703, Median = 0.02412, and Third Quartile = 0.03692. The sample size for both data
sets is 153.
For this data sets, the maximum likelihood estimate (MLE), minimum variance unbiased
estimator (UMVUE), the 95% asymptotic confidence interval and the 95% interval by the
bootstrap method of the stress-strength reliability R are given in Table 4.3 (Najarzadegan
et al., 2016). Also Table 4.3 shows the Bayesian estimate and the 95% credible interval
calculated under the matching prior.
The Bayes estimate based on the matching prior, the MLE and the UMVUE give almost
the similar results. Also the confidence interval by the MLE and the credible interval of the
matching prior give almost the same result, and are slightly different to bootstrap method.
For the MLE and the matching prior, we consider that this results are most likely due to the
large sample size. Note we know that the matching prior agrees very well with the target
coverage probabilities in our simulation study.

5. Concluding remarks
We presented the noninformative priors for the ratio of the scale parameters having a
one-to-one relationship with stress-strength reliability of the Levy distributions. We knew
that the reference prior equal to Jeffreys’ prior, and also Jeffreys’ prior and the reference
prior become the second order matching prior. From our numerical study, the matching prior
gives reasonable coverage even when the sample size is small, and the results are consistent
with the target coverage probabilities regardless of the change in the values of parameters.
Also we knew that the stress-strength reliability and the ratio of two scale parameters have
a one-to-one relationship. Therefore, we can recommend the use of the matching prior in
Bayesian inference of the stress-strength reliability and the ratio of two scale parameters in
Lévy distributions.
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Table 4.1 Frequentist coverage probability of 0.05 (0.95) posterior quantiles and 90% (95%) credible
intervals of θ1 = σ1 /σ2
σ1
0.1

σ2
0.1

1.0

2.0

5.0

10.0

1.0

0.1

1.0

2.0

5.0

10.0

2.0

0.1

1.0

2.0

5.0

10.0

n 1 , n2
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20

Quantile
0.051 (0.954)
0.048 (0.952)
0.050 (0.947)
0.051 (0.951)
0.050 (0.948)
0.055 (0.951)
0.048 (0.948)
0.053 (0.949)
0.050 (0.951)
0.049 (0.947)
0.051 (0.951)
0.050 (0.950)
0.053 (0.946)
0.052 (0.957)
0.053 (0.951)
0.053 (0.952)
0.051 (0.944)
0.050 (0.951)
0.050 (0.953)
0.049 (0.946)
0.050 (0.948)
0.053 (0.949)
0.048 (0.950)
0.050 (0.953)
0.050 (0.949)
0.056 (0.950)
0.051 (0.948)
0.050 (0.947)
0.052 (0.951)
0.053 (0.950)
0.052 (0.950)
0.052 (0.948)
0.049 (0.951)
0.053 (0.950)
0.048 (0.947)
0.052 (0.952)
0.052 (0.950)
0.051 (0.951)
0.046 (0.944)
0.051 (0.946)
0.050 (0.949)
0.048 (0.947)
0.052 (0.948)
0.050 (0.953)
0.051 (0.951)
0.047 (0.949)
0.052 (0.947)
0.054 (0.951)
0.050 (0.953)
0.050 (0.954)
0.049 (0.950)
0.051 (0.948)
0.049 (0.951)
0.049 (0.951)
0.051 (0.950)
0.052 (0.948)
0.048 (0.950)
0.048 (0.951)
0.052 (0.948)
0.051 (0.948)

Credible interval
0.902 (0.950)
0.904 (0.952)
0.897 (0.951)
0.900 (0.951)
0.898 (0.951)
0.896 (0.948)
0.900 (0.951)
0.895 (0.947)
0.900 (0.948)
0.898 (0.952)
0.900 (0.951)
0.900 (0.947)
0.893 (0.945)
0.905 (0.949)
0.898 (0.949)
0.899 (0.951)
0.893 (0.947)
0.901 (0.951)
0.903 (0.954)
0.898 (0.950)
0.898 (0.948)
0.896 (0.948)
0.902 (0.948)
0.903 (0.951)
0.899 (0.950)
0.894 (0.946)
0.897 (0.946)
0.898 (0.946)
0.900 (0.949)
0.896 (0.948)
0.898 (0.950)
0.896 (0.948)
0.902 (0.950)
0.897 (0.946)
0.899 (0.950)
0.899 (0.952)
0.897 (0.949)
0.900 (0.952)
0.898 (0.947)
0.895 (0.947)
0.898 (0.950)
0.899 (0.949)
0.897 (0.946)
0.903 (0.951)
0.899 (0.949)
0.901 (0.951)
0.895 (0.945)
0.897 (0.949)
0.903 (0.953)
0.903 (0.954)
0.902 (0.953)
0.898 (0.949)
0.901 (0.952)
0.903 (0.950)
0.899 (0.949)
0.896 (0.949)
0.903 (0.951)
0.903 (0.949)
0.896 (0.947)
0.896 (0.947)
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Table 4.2 Frequentist coverage probability of 0.05 (0.95) posterior quantiles and 90% (95%) credible
intervals of θ1 = σ1 /σ2
σ1
5.0

σ2
0.1

1.0

2.0

5.0

10.0

10.0

0.1

1.0

2.0

5.0

10.0

n1 , n 2
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20
5,5
5,10
10,10
10,20

Quantile
0.049 (0.951)
0.052 (0.950)
0.052 (0.951)
0.048 (0.953)
0.053 (0.950)
0.043 (0.948)
0.051 (0.949)
0.047 (0.949)
0.047 (0.950)
0.050 (0.949)
0.048 (0.951)
0.050 (0.949)
0.048 (0.948)
0.051 (0.950)
0.053 (0.949)
0.052 (0.952)
0.051 (0.951)
0.049 (0.953)
0.050 (0.950)
0.049 (0.949)
0.051 (0.951)
0.053 (0.947)
0.048 (0.950)
0.048 (0.951)
0.053 (0.949)
0.051 (0.950)
0.050 (0.951)
0.051 (0.951)
0.051 (0.949)
0.052 (0.954)
0.045 (0.948)
0.051 (0.955)
0.046 (0.950)
0.048 (0.954)
0.050 (0.949)
0.051 (0.950)
0.052 (0.951)
0.045 (0.950)
0.052 (0.948)
0.053 (0.950)

Credible interval
0.902 (0.955)
0.899 (0.948)
0.899 (0.953)
0.905 (0.952)
0.898 (0.949)
0.904 (0.952)
0.899 (0.952)
0.902 (0.950)
0.902 (0.950)
0.898 (0.950)
0.902 (0.949)
0.899 (0.950)
0.900 (0.950)
0.899 (0.951)
0.896 (0.949)
0.900 (0.950)
0.900 (0.953)
0.904 (0.950)
0.899 (0.947)
0.900 (0.949)
0.900 (0.949)
0.894 (0.945)
0.902 (0.952)
0.902 (0.950)
0.896 (0.947)
0.899 (0.952)
0.901 (0.951)
0.900 (0.950)
0.898 (0.949)
0.902 (0.952)
0.903 (0.953)
0.904 (0.953)
0.904 (0.952)
0.906 (0.952)
0.899 (0.951)
0.898 (0.950)
0.899 (0.950)
0.905 (0.953)
0.896 (0.947)
0.897 (0.950)

Table 4.3 Estimate and confidence interval for reliability R

Method
MLE
UMVUE
Bayesian

Estimate
0.53677
0.53689
0.53666

Method
Asymptotic
Bootstrap
Bayesian

95% confidence interval
(0.48667, 0.58687)
(0.49698, 0.57781)
(0.48624, 0.58640)
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