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Abstract
The AUC and VUS for the ROC curve and surface are well known measures in
various statistical fields. Since the partial AUC has only conditions on the FPR, this
overlapped condition under the constraints of the TPR may reduce the efficiency and
accuracy of the performance evaluation. For obtaining better performance measurement
for high TPR and low FPR, the two-way partial AUC was proposed. In this work, the
partial AUC and two-way partial AUC are defined using the probability concept, and
these are expressed with integration equations. Moreover, the partial VUS and threeway partial VUS for ROC surface are also derived.
Keywords: Classification, FPR, sensitivity, specificity, TPR.

1. Introduction
Let us suppose a discrimination task involving events, denoted {e1 , e2 , . . . , ek } assigned
by the testing procedure, and an observer attempts to discriminate among a set of k events,
denoted {d1 , d2 , . . . , dk }. Let us define that X1 , X2 , . . . , Xk are k score random variables
whose corresponding cumulative distribution functions are F1 (·), F2 (·), . . . , Fk (·), respectively. For any x ∈ (−∞, ∞), assume that F1 (x) ≥ F2 (x) ≥ · · · ≥ Fk (x). And for k-1
ordered decision biomarkers x01 , x02 , . . . , x0k−1 (x01 < x02 < · · · < x0k−1 ), the following
decision rule may be applied:
If X ≤ x01 then decision is class 1.
If x0j−1 ≤ X ≤ x0j for j = 2, 3, . . . , k − 1 then decision is class j.
If X ≥ x0k then decision is class k.
The k probabilities, P (di |ei ), i = 1, 2, . . . , k, are known as the true classification rates such
that
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P (d1 |e1 ) = P (X1 ≤ x01 ) = F1 (x01 ),
P (dj |ej ) = P (x0j−1 ≤ Xj ≤ x0j ) = Fj (x0j ) − Fj (x0j−1 ), j = 2, 3, . . . , k − 1,
P (dk |ek ) = P (x0k−1 ≤ Xk ) = 1 − Fk (x0k−1 ).
And the other probabilities, P (di |ej ), i 6= j, are the false classification rates.
When there are two classification models (k = 2), we may consider the ROC (receiver
operating characteristic) curve analysis and its related works such as the AUC (area under
the curve) and the partial AUC. The ROC curve is an important tool in evaluating the
diagnostic accuracy of binary outcome categories. And the AUC and partial AUC assess
the performance of a biomarker. These have been applied to various fields such as credit
rating on an individual or an enterprise and diagnosis of diseases analysis (see Swets, 1988;
Thompson and Zucchini, 1989; McClish, 1989; Centor, 1991; Swets et al., 2000 for more
details). In case of k = 3, there are many researches related with the ROC surface and
VUS (volume under the surface). And when k is more than 3, one can extend to the ROC
manifold and HUM (hyper-volume under the manifold). This study will consider only with
cases of k ≤ 3.
For cases of k ≤ 3, we will represent the partial AUC and VUS using the probability
concept, and express these with integration equations in this paper. Moreover, both the
two-way partial AUC and three-way partial VUS are also derived with probability equations
and integration formulars.
In Section 2, the ROC curve, AUC, partial AUC, and two-way partial AUC are discussed
when k = 2. The ROC surface, VUS, partial VUS, and three-way partial VUS are considered
in Section 3. Section 4 concludes this study.

2. ROC curve and partial AUC
In the case of k = 2, two classification models could be summarized in Table 2.1. In
general, F1 (x) and F2 (x) could be regarded as the TPR (true positive rate, sensitivity) and
FPR (false positive rate, 1-specificity), respectively.
Table 2.1 Two event-decision distribution function matrix
Event
e1
e2
d1
F1 (x)
F2 (x)
Decision
d2
1 − F1 (x)
1 − F2 (x)

The ROC curve is drawn with these coordinates in two dimensional plane such as (F2 (x),
F1 (x)) = (p, ROC(p)), where ROC(p) = F1 (F2−1 (p)) and (see Zweig and Campbell, 1993;
Provost and Fawcett, 2001; Pepe, 2000; Zou, 2002; Fawcett, 2003; Pepe, 2003; Fawcett, 2006;
Tasche ,2006; Vuk and Curk, 2006; Hong, 2009; Hong and Choi, 2009; Hong et al., 2010;
Hong and Jung, 2013; Hong and Wu, 2014; Cho and Hong, 2015 for more details). And the
ROC curve can be also drawn with two true classification rates in two dimensional plane
such as (1 − F2 (x), F1 (x)) = (q, ROC(q)). In this case, the ROC function is alternatively
defined as ROC(q) = F1 (F2−1 (1 − q)), where q = 1 − F2 (x).
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The well-known statistic that measures the discriminant power using the ROC curve is
the AUC (Hanley and McNeil, 1982; Bradley, 1997; Joseph, 2005; Krzanowski and Hand,
2009). That is defined as AU C = P (X1 ≤ X2 ). The AUC is obtained using two different
ROC functions such as
Z

1

F1 (F2−1 (p))

AU C =

Z
dp =

0

1

F1 (F2−1 (1 − q)) dq.

0

Two differently defined ROC functions and their corresponding AUCs are represented in
Figure 2.1. McClish (1989), Thompson and Zucchini (1989) and Jiang et al. (1996) defined
a specific area in the AUC as the ‘partial AUC (pAUC)’. For two ordered biomarkers (x01 <
x02 ), define u1 = F2 (x01 ), u2 = F2 (x02 ). By using the probability concept, the partial AUC
from u1 to u2 is expressed in (2.1).

Figure 2.1 Two ROC curves and AUCs

The partial AUC from u1 to u2 is defined as
pAU C(u1 , u2 ) = P (X1 ≤ X2 ∩ x01 ≤ X2 ≤ x02 ).

(2.1)

And this partial AUC from u1 to u2 is obtained with the integration equation such as
Z
pAU C(u1 , u2 ) =
=

u2

F1 (F2−1 (p)) dp,
u1
Z 1−u1
F1 (F2−1 (1 − q))
1−u2

dq.

Two partial AUCs are represented as the shaded areas in Figure 2.2 based on two different
ROC curves.
For x0 , set u = F2 (x0 ). Then the partial AUC from 0 to u, which is the special case of
(2.1) could be defined in terms of probability and derived as the followings:
pAU C(0, u) = P (X1 ≤ X2 ≤ x0 ).
Z
pAU C(0, u) =
0

u

F1 (F2−1 (p))

Z

1

dp =
1−u

F1 (F2−1 (1 − q)) dq.
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Figure 2.2 Two partial AUCs

Since u1 and u2 in the partial AUC are the lower or upper limit condition of FPR,
this condition includes overlapping areas under the constraints of the TPR, so that this
reduces the efficiency and accuracy of the performance evaluation. In order to obtain better
performance measurement for high TPR and low FPR regions, Yang et al. (2019) proposed
a performance measurement called as the ‘two-way partial AUC (tpAUC)’. The two-way
partial AUC might be defined as in (2.2) using probability terms.
The two-way partial AUC from u1 to u2 is derived as
tpAU C(u1 , u2 ) = P (x01 ≤ X1 ≤ X2 ≤ x02 ).

(2.2)

This two-way partial AUC in (2.2) is represented by using two different ROC functions
such as Lemma 2.1, which is defined similar to Yang et al. (2019).
Lemma 2.1 The two-way partial AUC is obtained
Z

u2

tpAU C(u1 , u2 ) =

F1 (F2−1 (p)) dp − F1 (x01 ) × (u2 − u1 ),

u1
1−u1

Z
=

F1 (F2−1 (1 − q)) dq − F1 (x01 ) × (u2 − u1 ).

1−u2

Proof:
Z

x02

Z

x2

tpAU C(u1 , u2 ) =

f1 (x)dx1 f2 (x2 )dx2
x
Z u012

[F1 (x2 ) − F1 (x01 )]dF2 (x2 )

=
u
Z u1 2

=
u1
u2

Z
=

u1

And

x01

[F1 (F2−1 (p)) − F1 (x01 )]dp
F1 (F2−1 (p))dp − F1 (x01 ) × (u2 − u1 ).
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u2

[F1 (x2 ) − F1 (x01 )]dF2 (x2 )

tpAU C(1 − u2 , 1 − u1 ) =
u1

Z

1−u2

=−

[F1 (x2 ) − F1 (x01 )]d(1 − F2 (x2 ))
1−u1
Z 1−u2

=−
Z

[F1 (F2−1 (1 − q)) − F1 (x01 )]dq

1−u1
1−u1

=

F1 (F2−1 (1 − q))dq − F1 (x01 ) × (u2 − u1 ).



1−u2

The two-way partial AUCs are represented as the shaded areas in Figure 2.3 based on two
different ROC curves.

Figure 2.3 Two two-way partial AUCs

Based on (2.1), (2.2) and Lemma 2.1, we find that the partial AUC and the two-way
partial AUC have the relationship such as
tpAU C(u1 , u2 ) = pAU C(u1 , u2 ) − P (X1 ≤ x01 ≤ X2 ≤ x02 ).
The last term in the above equation, P (X1 ≤ x01 ≤ X2 ≤ x02 ), means F1 (x01 ) × (u2 − u1 ),
which is the area of the rectangle under the two-way partial AUC in Figure 2.3.

3. ROC surface and partial VUS
When k = 3, three classification models could be summarized in Table 3.1. For two ordered
decision biomarkers (x1 < x2 ), the surface generated by three true classification rates was
called the ROC surface. The ROC surface is constructed by plotting the points in three
dimensions (see Scurfield, 1996; Mossman, 1999; Dreiseitl et al., 2000; Heckerling, 2001;
Fawcett, 2003; Nakas and Yiannoutsos, 2004; Nakas et al., 2010; Wandishin and Mullen,
2009 for more detail).
The functional form of the ROC surface is
ROCs (p1 , p3 ) = F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 )), 0 ≤ p1 , p3 ≤ 1,
where p1 = F1 (x1 ) and p3 = 1 − F3 (x2 ).

450

Chong Sun Hong · Min Sub Jung · Hye Soo Shin

Table 3.1 Three event-decision distribution function matrix
Event
e1
e2
e3
d1
F1 (x1 )
F2 (x1 )
F3 (x1 )
Decision
d2
F1 (x2 ) − F1 (x1 ) F2 (x2 ) − F2 (x1 )
F3 (x2 ) − F3 (x1 )
d3
1 − F1 (x2 )
1 − F2 (x2 )
1 − F3 (x2 )

The VUS could be obtained such as (Nakas and Yiannoutsos, 2004; Xiong et al., 2006)
V U S = P (X1 ≤ X2 ≤ X3 )
Z 1 Z F1 (F3−1 (1−p3 ))
[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))] dp1 dp3 .
=
0

0

The partial AUC discussed in Section 2 could be extended to the VUS. The partial VUS
is defined in Definition 3.1. And this is understood with Figure 3.1.
For four ordered biomarkers (x01 < x02 < x03 < x04 ), let us define u1 = F1 (x01 ), u2 =
F1 (x02 ) and v1 = 1 − F3 (x04 ), v2 = 1 − F3 (x03 ). By using the probability concept, the partial
VUS and three-way partial VUS for (u1 , u2 ) and (v1 , v2 ) are proposed with the followings.
Definition 3.1 The partial VUS for (u1 , u2 ) and (v1 , v2 ) is defined as
pV U S((u1 , u2 ), (v1 , v2 ))
= P (x01 ≤ X1 ≤ X2 ≤ X3 ≤ x02 ∪ x03 ≤ X1 ≤ X2 ≤ X3 ≤ x04
∪ x01 ≤ X2 ≤ x04 ).

Figure 3.1 The partial VUS

Whereas the two-way partial AUC is explained in (2.2), the three-way partial VUS is discussed in Definition 3.2. And this is represented as the shaded volume in Figure 3.2.
Definition 3.2 The three-way partial VUS for (u1 , u2 ) and (v1 , v2 ) is defined as
tpV U S((u1 , u2 ), (v1 , v2 ))
= P (x01 ≤ X1 ≤ X2 ≤ X3 ≤ x02 ) + P (x03 ≤ X1 ≤ X2 ≤ X3 ≤ x04 ).
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Figure 3.2 The three-way partial VUS

The partial VUS and three-way partial VUS for (u1 , u2 ) and (v1 , v2 ) have the following
relationship.
tpV U S((u1 , u2 ), (v1 , v2 ))
= pV U S((u1 , u2 ), (v1 , v2 )) − P (x01 ≤ X1 ≤ x02 ≤ X2 ≤ x03 ≤ X3 ≤ x04 ),

(3.1)

since pV U S((u1 , u2 ), (v1 , v2 ))
= P (x01 ≤ X1 ≤ X2 ≤ X3 ≤ x02 ∪ x03 ≤ X1 ≤ X2 ≤ X3 ≤ x04 ∪ x01 ≤ X2 ≤ x04 )
= P ((x01 ≤ X1 ≤ X2 ≤ X3 ≤ x02 ) + P (x03 ≤ X1 ≤ X2 ≤ X3 ≤ x04 )
+ P (x01 ≤ X1 ≤ x02 ≤ X2 ≤ x03 ≤ X3 ≤ x04 )
= tpV U S((u1 , u2 ), (v1 , v2 )) + P (x01 ≤ X1 ≤ x02 ≤ X2 ≤ x03 ≤ X3 ≤ x04 ).
Hence, the integration expression of the partial VUS for (u1 , u2 ) and (v1 , v2 ) is derived
after that of the three-way partial VUS for (u1 , u2 ) and (v1 , v2 ) is obtained. Then the threeway partial VUS for (u1 , u2 ) and (v1 , v2 ) is obtained in Theorem 3.1.
Theorem 3.1 The three-way partial VUS for (u1 , u2 ) and (v1 , v2 ) could be derived as
tpV U S((u1 , u2 ), (v1 ,v2 ))
Z
=

u2

Z

1−F3 (F1−1 (u2 ))

u1

Z

1−F3 (F1−1 (p1 ))

v2

Z

F1 (F3−1 (1−p3 ))

+
v1

[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp3 dp1

F1 (F3−1 (1−v2 ))

[F2 (F3−1 (1 − p3 ) − F2 (F1−1 (p1 ))]dp1 dp3 .
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Proof:
tpV U S((u1 , u2 ), (v1 , v2 ))
= P (x01 ≤ X1 ≤ X2 ≤ X3 ≤ x02 ) + P (x03 ≤ X1 ≤ X2 ≤ X3 ≤ x04 )
Z x02 Z x02
[F2 (x3 ) − F2 (x1 )]f3 (x3 )dx3 f1 (x1 )dx1
=
x
x01
Z x04 1Z x2
[F2 (x3 ) − F2 (x1 )]f1 (x1 )dx1 f3 (x3 )dx3
+
x03

x03
u2

Z

1−F3 (F1−1 (u2 ))

Z

=−
1−F3 (F1−1 (p1 ))

u1
v1

Z

[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp3 dp1

F1 (F3−1 (1−p3 ))

Z

−
F1 (F3−1 (1−v2 ))

v2

Z

u2

1−F3 (F1−1 (p1 ))

Z

=
1−F3 (F1−1 (u2 ))

u1

v2

Z

[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp3 dp1

F1 (F3−1 (1−p3 ))

Z

+
F1 (F3−1 (1−v2 ))

v1

[F2 (F3−1 (1 − p3 ) − F2 (F1−1 (p1 ))]dp1 dp3 .

[F2 (F3−1 (1 − p3 ) − F2 (F1−1 (p1 ))]dp1 dp3 .

The partial VUS for (u1 , u2 ) and (v1 , v2 ) is expressed in Theorem 3.2.
Theorem 3.2 The partial VUS for (u1 , u2 ) and (v1 , v2 ) could be derived as
pV U S((u1 , u2 ), (v1 ,v2 ))
Z
=

u2

Z

1−F3 (F1−1 (p1 ))

[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp3 dp1

u1
1−F3 (F1−1 (u2 ))
v2
F1 (F3−1 (1−p3 ))

Z

Z

+
v1

F1 (F3−1 (1−v2 ))

[F2 (F3−1 (1 − p3 ) − F2 (F1−1 (p1 ))]dp1 dp3

+ [F2 (F3−1 (1 − v2 )) − F2 (F1−1 (u2 ))](u2 − u1 )(v2 − v1 ).
Proof:
pV U S((u1 , u2 ), (v1 , v2 )
= tpV U S((u1 , u2 ), (v1 , v2 )) + P (x01 ≤ X1 ≤ x02 ≤ X2 ≤ x03 ≤ X3 ≤ x04 )
Z x04 Z x02
= tpV U S((u1 , u2 ), (v1 , v2 )) +
[F2 (x03 ) − F2 (x02 )]f1 (x1 )dx1 f3 (x3 )dx3
x03
x01
Z v1 Z u2
= tpV U S((u1 , u2 ), (v1 , v2 )) − [F2 (x03 ) − F2 (x02 )]
dp1 dp3
v2

Z

u2

Z

1−F3 (F1−1 (p1 ))

=
1−F3 (F1−1 (u2 ))

u1

Z

v2

Z

[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp3 dp1

F1 (F3−1 (1−p3 )

+
v1

u1

F1 (F3−1 (1−v2 ))

[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp1 dp3
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+ [F2 (F3−1 (1 − v2 )) − F2 (F1−1 (u2 ))](u2 − u1 )(v2 − v1 ).



Based on (3.1) and Theorem 3.2, one can find that
P (x01 ≤ X1 ≤ x02 ≤ X2 ≤ x03 ≤X3 ≤ x04 )
= [F2 (F3−1 (1 − v2 )) − F2 (F1−1 (u2 ))](u2 − u1 )(v2 − v1 ),
which represents the volume of the cube under the three-way partial VUS in Figure 3.2.
The three-way partial VUS for (0, u) and (0, v) is the special case of Definition 3.2 and
Theorem 3.1. For x01 < x02 , set u = F1 (x01 ), v = 1 − F3 (x02 ). Then the three-way partial
VUS for (0, u) and (0, v) could be defined as the followings:
tpV U S((0, u), (0, v)) = P (X1 ≤ X2 ≤ X3 ≤ x01 ) + P (x02 ≤ X1 ≤ X2 ≤ X3 )
Z u Z 1−F3 (F1−1 (p1 ))
=
[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp3 dp1
1−F3 (F1−1 (u))

0

Z

vZ

F1 (F3−1 (1−p3 ))

+
0

F1 (F3−1 (1−v))

[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp1 dp3 .

4. Conclusion
The AUC for ROC curve is a statistic representing the total area, and the partial AUC
is another statistic that measures only the fraction of the total AUC. Since the partial
AUC has only a condition for the FPR, a two-way partial AUC for the better performance
measurement was alternatively proposed by applying conditions for the TPR and FPR.
In this work, the VUS for the ROC surface is extended to study the partial VUS and the
three-way partial VUS. The probability concepts are used to define the partial AUC and
the two-way partial AUC. Furthermore, the partial VUS and the three-way partial VUS
are extended and defined using probability concepts. Hence, it is possible to explain the
relationship among the partial AUC and the partial VUS as well as the two-way partial
AUC and the three-way partial VUS.
It is also found that these statistical measures expressed by the probability are defined as
integral equations, so that these measures are obtained with easy.
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