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Abstract
In this study, we estimtate the value-at-risk (VaR) of the 10-day average apartment
prices of Gangnam-gu, Seoul and Haeundae-gu, Busan in Korea. For this purpose, we
adopt the semiparametric quantile regression approach for the VaR calculation based
on ARIMA-GARCH models, employing the well-known risk measures such as the conditional autoregressive value-at-risk (CAViaR) and conditional autoregressive expectile
(CARE) methods. After conducting the unconditional coverage (UC) and conditional
coverage (CC) tests on the estimated VaRs, we conclude that the two methods perform similarly for the Seoul case but the CARE method shows more stability than the
CAViaR method in the Busan case.
Keywords: CARE, CAViaR, quantile regression, real estate, value-at-risk.

1. Introduction
Real estates amount to almost 75% of Korean household wealth and appropriate valuation
of real estate price is crucial when assessing households’ financial status or imposing property
taxes. The Korean Appraisal Board evaluates land and housing values annually and the
Ministry of Land, Infrastructure and Transport (MOLIT) announces those as the official
real estate values. Despite of their importance, the official real estate values are not so
successful in reflecting the actual prices into the real estates market, primarily because they
are annually announced. Kim and Kim (2014) report that on average the official real estate
values only reflect 38% of the actual market prices. As such, numerous studies have been
motivated to provide accurate evaluations and forecasts of real estate prices in the market.
Existing literatures on real estate prices mostly employ two models to forecast the prices.
Previous studies focusing on the internal and external attributes of assets employ the hedonic
pricing model. Jeong (2018) specifies a model explaining land prices and implements quantile
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regression to estimate the price quantiles. Kang (2014) conducts an urban network analysis
and estimates land prices based on a multi-level regression. Wan et al. (2017) adopt varying
coefficient approach in estimating house price quantiles in Hong Kong.
Other studies on real estate prices adopt time series analysis of prices with relation to
macroeconomic variables such as interest rates and GDP. Nam and Kim (2013) estimate
Seoul land prices with ARIMAX models specifying GDP, CPI, and corporate bond yield as
independent variables. Meanwhile, Kim (2015) forecasts Korean land prices using a VAR
model specifying macroeconomic variables.
Hedonic models and time series models have both strengths and weaknesses. While hedonic
models offer a thorough investigation upon the prices of assets of interest, there always rises a
possibility of factor misspecification. Hedonic models also focus on a cross-sectional analysis
of asset prices, neglecting the time varying nature of prices. In comparison of hedonic models,
time series models have merit to forecast future asset prices. However, previous studies
using time series models such as VAR and ARIMAX models mainly analyze quarterly data,
and thus, fail to reflect short term fluctuations of prices. Motivated by this, we are led
to analyze datasets with shorter intervals to overcome this shortcoming and estimate time
series quantiles based on the fitted models.
The data of interest in this study is the 10-day average apartment prices of Gangnam-gu,
Seoul and Haeundae-gu, Busan, the capital and the second biggest city of Korea. Those areas
are the most flourishing districts in Korea. The time series period is from January 10, 2006 to
June 30, 2018. After fitting appropriate time series models to the two datasets respectively,
we estimate the quantiles of prices by employing value-at-risk (VaR) estimation methods
such as the CAViaR (Engle and Manganelli, 2004) and CARE (Taylor, 2008) methods.
The rest of this study is organized as follows. Section 2 explains VaR estimation methods.
Section 3 describes the models for the datasets. Section 4 estimates the quantiles of two time
series datasets. Section 5 provides concluding remarks.

2. Value-at-Risk estimation
VaR is defined as the maximum potential loss in a given period at a fixed level of confidence. Though it fails to satisfy the subadditivity property of coherent risk measures as
shown in Artzner et al. (1999) and has a limitation in providing information as to the tail
distribution of portfolio returns, VaR is one of the most prominent measures of market risk
in financial industry. Estimating the VaR of financial assets is an important task and various
methods have been proposed. As Kim and Lee (2016a, 2016b) discussed, these methods can
be classified into three categories such as parametric, semi-parametric, and non-parametric
approaches. In this study, we adopt the semi-parametric approach based on the quantile
regression, that is, the CAViaR method of Engle and Manganelli (2004) and the CARE
method of Taylor (2008), wherein the expectiles are used in calculating VaR.
The CAViaR method estimates the parameters and VaRs while assuming that conditional
quantiles at the given confidence levels of error terms to be zero. Engle and Manganelli
(2004) derived conditional quantiles of a time series following a GARCH-type structure
and employed quantile regression to estimate the model parameters and the conditional
quantiles. CAViaR specification in GARCH models in general was further studied in Lee
and Noh (2013).
Lee and Noh (2013) proposed the following reparametrized version of GARCH(p, q) model.
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where ζt ∼ (0, ω) is an independent and identically distributed GARCH innovation term.
Then Qt (θ), the θ-level conditional quantile of t , is derived as:
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Qt (θ) = Qζt (θ)t1 +
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where Qζt (θ) is the θ-level quantile of ζt . The parameters are estimated via quantile regression as in Engle and Manganelli (2004).
A similar structure is employed in the CARE method. The CARE method estimates
expectiles via asymmetric least squares (ALS) estimation (Newey and Powell, 1987). µx (τ ),
the τ -level expectile of a random variable x, is defined as:
µx (τ ) = argminb E[lτ (x − b) − lτ (x)],
where lτ (x) = |τ − I(x < 0)|x2 and E(x) < ∞. If µx (τ ) = Qx (θ), then µx (τ ) can be
generated from the corresponding pair of (τ, θ) as follows (Kuan et al., 2009).

µx (τ ) =

τ E(x) + (1 − 2τ )E[xI(x < µx (τ ))]
.
(1 − 2θ)τ + θ

The CARE method applies the above relationship in estimating conditional quantiles from
conditional expectiles. In the reparametrized GARCH (p, q) specification, µt (τ ), the τ -level
conditional expectile of t , is derived as:
v
u
q
p
X
X
u
µt (τ ) = ξζt (τ )t1 +
αi 2t−i +
βj h2t−j ,
i=1

j=1

where ξζt (τ ) denotes the τ -level expectile of ζt . The parameters are estimated via ALS
regression. The asymptotic properties of the ALS estimators were further studied in Kim
and Lee (2016b). See also Jeong (2017), Xu and Lee (2017), and Chyung and Lee (2018) for
relevant references.
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3. Data description
The apartment price datasets of Gangnam-gu, Seoul and Haeundae-gu, Busan are acquired
from MOLIT Real Trade Data website (http://rtdown.molit.go.kr), which provides addresses, trade dates in unit of 10 days, apartment sizes, and prices. Prices are in unit of
KRW 10,000 and the price per m2 is the target variable here. Both regions’ datasets consist
of 450 observations. Figure 3.1 plots 10-day average prices per m2 of the apartments in
Gangnam-gu, Seoul, and Haeundae-gu, Busan from January 10, 2006 to June 30, 2018.
Figure 3.1 shows some spikes and trend in the data. Since the price per m2 increases from
2006 to 2018, we use the log returns. Figure 3.2 shows the log returns from January 20, 2006
to June 30, 2018. Augmented Dickey-Fuller test (Harris, 1992) shows no unit root in these
series.

Figure 3.1 (a) Apartment prices of Gangnam-gu, Seoul, (b) Apartment prices of Haeundae-gu, Busan

Figure 3.2 (a) Apartment price returns of Gangnam-gu, Seoul, (b) Apartment price returns of
Haeundae-gu, Busan

By fitting ARIMA models to the prices of Gangnam-gu, Seoul, we observe that ARIMA(1,1,1)
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model has the lowest AIC value. The Ljung-Box test confirms this tentative model, but Engle’s ARCH test and the Ljung-Box test for squared standardized residuals indicate the
presence of an ARCH effect. Our further analysis confirms that the ARCH(1) model turns
out to be the best fit for these residuals. See Table 3.1 for the parameter estimates of the
selected ARIMA(1,1,1)-ARCH(1) model.
Table 3.1 ARIMA(1,1,1)-ARCH(1) parameter estimates
Model Specification
Zt = φZt−1 + t + ϑt−1
t = σt ηt , σt2 = ω + α2t−1
φ

ϑ

ω

α

ν

0.1268
(0.0886)

-0.7895***
(0.0609)

0.0036***
(0.0004)

0.1545*
(0.0691)

7.1003***
(1.9014)

- Values in parentheses are standard errors of estimates.
- Significance levels are denoted as *(5%), **(1%), and *** (0.05%).

Table 3.2 ARIMA(1,1,2)-ARCH(1) parameter estimates
Model Specification
Zt = φZt−1 + t + ϑ1 t−1 + ϑ2 t−2
t = σt ηt , σt2 = ω + α2t−1
φ

ϑ1

ϑ2

ω

α

ν

-0.6577***
(0.1040)

-0.0235
(0.0980)

-0.5579***
(0.0585)

0.0040***
(0.0005)

0.2078*
(0.0752)

5.0826***
(1.2674)

- Values in parentheses are standard errors of estimates.
- Significance levels are denoted as *(5%), **(1%), and *** (0.05%).

Figure 3.3 (a) Q-Q Plot of residuals of ARIMA(1,1,1)-ARCH(1) (b) Q-Q Plot of residuals of
ARIMA(1,1,2)-ARCH(1)
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By drawing a Q-Q plot of the residuals, we see that the errors are most likely to follow a
Student’s t distribution with density:

−(ν+1)/2
Γ( ν+1
1
z2
2 )
f (z|ν) =
1+
,
σ Γ( ν2 )(π(ν − 2))1/2
ν−2
where σ and ν respectively denote standard deviation and shape parameter.
A similar procedure is adopted in modeling the apartment prices of Haeundae-gu, Busan.
Our analysis shows that ARIMA(1,1,2)-ARCH(1) model with Student’s t error distribution
is appropriate. Table 3.2 reports the parameter estimates and Figure 3.3 illustrates the Q-Q
plots of residuals of each model.

4. Estimation of conditional quantiles
4.1. CAViaR estimation
We have shown that the apartment price returns of Gangnam-gu, Seoul and Haeundae-gu,
Busan are well described with an ARIMA(1,1,1)-ARCH(1) and ARIMA(1,1,2)-ARCH(1)
model. We first apply the CAViaR method to estimate the conditional quantiles. For instance, we specify the θ-level conditional quantiles of Seoul apartment prices based on the
ARIMA(1,1,1)-ARCH(1) model as follows:

QZt (θ) := QZt (β, θ) = φZt−1 + Qt (θ) + ϑˆ
t−1 ,
Qt (θ) = ht ξ(θ), h2t = 1 + αˆ
2t−1 ,
where β = (φ, ϑ, α, ξ(θ)), ξ(θ) is the θ-level quantile of the ARCH innovations, and ˆt are
ARMA residuals. Then, the quantile estimator of β is obtained as:
n

β̂ = argminβ

1X
ρθ (Zt − QZt (β, θ)),
n t=1

where ρθ (x) = (θ − I(x < 0))x.
To estimate the parameters and conditional quantiles, we adopt the Nelder-Mead algorithm in R by using the parameter estimates in Table 3.1 as initial values. For further details
of the procedure, see Engle and Manganelli (2004) and Kim and Lee (2016a,b). We use a
moving window of size 215, which is approximately one half of the number of total observations, to obtain the one step-ahead conditional quantile forecasts from January 10, 2012 to
June 30, 2018. For instance, the data from January 20, 2006 to December 31, 2011 is used
to predict the conditional quantile at January 10, 2012. This procedure is repeated until we
obtain the conditional quantile forecast at June 30, 2018 from data between July 10, 2012
and June 20, 2018. A similar procedure is conducted for Busan apartment prices. Figure 4.1
shows the two regions’ apartment price quantiles at θ = 0.01, 0.05, 0.95, 0.99 estimated by
the CAViaR method from January 10, 2012 to June 30, 2018.
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Figure 4.1 (a) CAViaR forecasts of apartment price returns of Gangnam-gu, Seoul (b) CAViaR forecasts
of apartment price returns of Haeundae-gu, Busan

4.2. CARE estimation
The CARE method specifies the θ-level conditional quantiles of the apartment prices of
Gangnam-gu, Seoul based on the ARIMA(1,1,1)-ARCH(1) model as follows. Put
QZt (θ) = µZt (β(τ ); τ ) = φZt−1 + µt (τ ) + ϑˆ
t−1 ,
µt (τ ) = ht ψ(τ ), h2t = 1 + αˆ
2t−1 ,
where β(τ ) = (φ, ϑ, α, ψ(τ )), µZt (β(τ ); τ ), and µt (τ ) are the τ -level conditional expectiles
of Zt and t , respectively, and ψ(τ ) is the τ -level expectile of the ARCH(1) innovations.
Then the ALS estimator of β(τ ) is obtained as:
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n

β̂(τ ) = argminβ(τ )

1X
lτ (Zt − µt (β(τ ); τ )),
n t=1

where lτ (x) = |τ − I(x < 0)|x2 . We adopt the Nelder-Mead algorithm to estimate the
parameters. Then, the CARE-based quantile QZt (θ) is given by µZt (β(τ ); τ ) with τ satisfying
Pn
the relation: θ ≈ t=1 I(t ≤ µt (β̂(τ ); τ ))/n. See Kim and Lee (2016a,b). As before, we use
a moving window of size 215 to obtain the one-step-ahead conditional expectile forecasts
from January 10, 2012 to June 30, 2018.
Conditional VaRs of apartment prices of Haeundae-gu, Busan are also estimated by conducting the above procedures. Figure 4.2 shows the estimated quantiles of both regions by
the CARE method at θ = 0.01, 0.05, 0.95, 0.99 from January 10, 2012 to June 30, 2018.

Figure 4.2 (a) CARE forecasts of apartment price returns of Gangnam-gu, Seoul (b) CARE forecasts of
apartment price returns of Haeundae-gu, Busan
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4.3. Evaluation of quantile estimates
We conduct back tests of the quantile estimates obtained from the CAViaR and CARE
methods to evaluate their validity. For this task, we employ the unconditional coverage (UC)
test of Kupiec (1995) and the conditional coverage (CC) test of Christoffersen (1998). The
UC test checks if the confidence level of estimated VaRs is consistent with the number of
exceptions beyond the VaRs. The CC test further examines if the exceptions occur independently. Tables 4.1 and 4.2 report the p values of the UC and CC tests for the CAViaR and
CARE methods and show the adequacy of the two methods to a large extent. The CAViaR
and CARE methods exhibit similar performance in Gangnam-gu, Seoul. The UC test result
indicates the adequacy of both methods at the level of 0.05, while the CC test shows an
inadequacy when θ = 0.95. However, the latter also shows their validity at the level of 0.01.
Meanwhile, the CARE method appears to be more reliable than the CAViaR method in the
case of Haeundae-gu, Busan. In particular, the UC and CC tests on the CAViaR estimates
at θ = 0.05, 0.99 confirm the adequacy of the CAViaR method at the level of 0.01, although
this is not true any longer at the level of 0.05. Overall, our findings confirm the validity of
the CAViaR and CARE methods.
Table 4.1 UC and CC tests on quantile estimates of CAViaR and CARE methods (Seoul)
θ

0.01

0.05

0.95

0.99

CAViaR
UC
CC

0.6777
0.8821

0.9286
0.5190

0.9286
0.0543

0.3219
0.0838

CARE
UC
CC

0.8188
0.9574

0.3994
0.4883

0.8321
0.0315

0.3219
0.0837

Table 4.2 UC and CC tests on quantile estimates of CAViaR and CARE methods (Busan)
θ

0.01

0.05

0.95

0.99

CAViaR
UC
CC

0.8188
0.9574

0.0231
0.0465

0.8321
0.5668

0.0134
0.0378

CARE
UC
CC

0.8188
0.9574

0.9286
0.5190

0.3994
0.4883

0.3219
0.5710

5. Concluding remarks
This study conducted a time series analysis of apartment prices of Gangnam-gu, Seoul
and Haeundae-gu, Busan, Korea from January 10, 2006 to June 30, 2018. ARIMA(1,1,1)ARCH(1) and ARIMA(1,1,2)-ARCH(1) models with Student’s t distributed error distribution are fitted to the log-transformed apartment prices of the two regions, and the conditional
quantiles of apartment returns are estimated by the CAViaR and CARE methods. The two
methods exhibited similar performance for Gangnam-gu, Seoul, whereas the CARE method
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outperformed the CAViaR method for Haeundae-gu, Busan. Our findings show that the proposed method reflects well the asset price fluctuations especially when the prices are highly
volatile in 2017 and 2018. Our method has a potential application to render an alternative
measurement of risk embedded in households’ real estate portfolios. It can be particularly
useful in assessing and managing households’ financial status since they take account of
short-term asset price volatility in estimating the risk that the households bear.
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