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Abstract
In longitudinal data analysis, marginalized random effects models (MREMs) have
been commonly used when population-averaged effect is of interest (Heagerty, 1999).
In the MREMs, modeling of random effects covariance matrix is challenging because
the matrix is high-dimensional and the estimate of the covariance matrix should be
positive definite. In practice, the covariance matrix is assumed to be autoregressive or
exchangeable. However, such structures do not allow more general forms of the serial
correlation and it cannot explain heteroscedastic covariance matrices. In this paper,
we propose autoregressive and moving average Cholesky decomposition to model the
random effects covariance matrix in the MREMs. We analyze lung cancer data using
our proposed model.
Keywords: Cholesky decomposition, heterogeneity, longitudinal data, lung cancer study,
positive definite.

1. Introduction
Longitudinal outcomes are repeatedly measured from the same subject over time and the
outcomes are serially correlated (Diggle et al., 2002). Therefore, the serial dependence of the
outcomes must be taken into account to estimate covariate effects correctly, and models with
random effects may be considered. In longitudinal categorical data, the serial dependence is
accounted for using random effects in generalized linear mixed models (GLMMs).
When subject-specific effect is of interest, the GLMMs have been used frequently (Breslow
and Clayton, 1993). In the GLMMs, the covariate effect on the response is specified conditionally on random effects. Therefore, the population-averaged effect of covariates is not
directly specified. In contrast, when population-averaged effect is of interest, marginal models (Liang and Zeger, 1986) and marginalized random effects models (MREMs) (Heargerty,
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1999) are commonly used. The generalized estimating equations (GEEs) for the marginal
models do not require the joint distribution of the repeated outcomes and specify a pairwise ‘working correlation’ pattern for the repeated outcomes. Therefore, models using the
GEEs cannot directly be compared using likelihood-based tests (likelihood ratio tests) and
model selection criteria (AIC and BIC). In the MREMs, the population-averaged effect of
covariates on the repeated responses is directly specified and the likelihood-based tests can
be used to compare models (Lee and Daniels, 2008; Lee and Kim, 2016). In this paper, we
consider the MREMs to analyze longitudinal binary data.
In the MREMs, modeling of random effects covariance matrix is important because the
misspecified serial correlation of the outcomes may result in biased estimate of the covariate effect. However, the estimation of the random effects covariance matrix is challenging
because the matrix is high-dimensional and the estimate of the matrix should be positive
definite (Lee and Yoo, 2014). In practice, the simple structure of the covariance matrix
is assumed to be autoregressive and exchangeable. However, such structures do not allow
more general forms of the serial correlation and cannot explain heteroscedastic covariances
(Pourahmadi, 1999). To relieve the strong assumptions, modified Cholesky decomposition
(MCD) (Pourahmadi, 1999; Pan and MacKenzie, 2006; Lee and Sung, 2014) and moving
average Cholesky decomposition (MACD) (Zhang and Leng, 2012; Lee and Yoo, 2014) were
proposed.
The MCD and MACD decompose the precision matrix and covariance matrix into dependent parameters (generalized autoregressive parameters (GARPs) for the MCD and generalized moving average parameters (GMAPs) for the MACD) and prediction error variance
(innovation variances (IVs)), respectively. In both of the decompositions, all positive IVs satisfy the positive-definiteness of the estimated covariance matrix thereby (Pourahmadi, 1999,
2000; Zhang and Leng, 2012). Recently, autoregressive moving-average Cholesky decomposition (ARMACD), a decomposition combining the two decompositions, has been developed in
Lee et al. (2017). The ARMACD decomposes the covariance matrix into a set of dependence
parameters, GARP and GMAPs, and a set of variance parameters, IVs. Similar to the MCD
and MACD, positive IVs guarantee that the estimated covariance matrix is positive definite
(Choi and Lee, 2017). In this paper, we propose models for the random effects covariance
matrix in the MREMs using the ARMACD to analyze longitudinal binary data. In addition,
we compare the MREMs with the AR structured covariance matrix using the MCD to that
using the ARMACD.
The remaining of the paper is structured as follows. In Section 2, we propose MREMs with
ARMA Cholesky decomposition. We analyze lung cancer data using our proposed model in
Section 3. Finally, the paper concludes with some discussions in Section 4.

2. ARMA models for random effects covariance matrix
In this section, we review the MREMs and propose the ARMACD for the random effects
covariance matrix.
2.1. Marginalized random effects models
We commonly use MREMs when population-averaged effects are of interest (Heagerty,
1999). We now review the MREMs for longitudinal binary data. Let Yi = (yi1 , yi2 , . . . , yini )T
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be a vector of longitudinal binary responses on subject i (i = 1, · · · , N ) at time t (t =
1, · · · , ni ). We assume that each yit is conditionally independent given random effects bi .
The MREMs are given by
Marginal mean model: logitPitM = xTit β,
Dependence model:

(2.1)

logitPitc (bit ) = ∆it + bit ,
bi ∼indep. N (0, Σi ),

(2.2)
(2.3)

where PitM = P (Yit = 1 | xit ), Pitc (bit ) = P (Yit = 1 | bit , xit ), β is the p × 1 coefficients vector
of xit , bi = (bi1 , . . . , bini )T is a vector of the random effect, and Σi is the random effects
covariance matrix for subject i in the model.
Parameter estimation in the MREMs can be computationally intense (Heagerty, 1999).
Especially, the parameters ∆it in (2.2) are functions of both the marginal mean parameters
β in (2.1) and the random effects variance var(bit ) = σitt . Note that σitt is modeled using
ARMA Cholesky decomposition with parameters α, γ and λ in Subsection 2.2. It can be
obtained from the following relationship:
Z
P (Yit = 1 | xit ) = P (Yit = 1 | bit , xit )f (bit ; α, γ, λ)dbit ,
(2.4)
where f (bit ; α, γ, λ) is the normal density function with mean 0, variance σitt , and
T

exit β
,
T
1 + exit β
e∆it +bit
P (Yit = 1 | bit , xit ) =
.
1 + e∆it +bit
P (Yit = 1 | xit ) =

From (2.4), we have
Z

Pitc (bit )f (bit ; α, γ, λ)dbit − PitM = 0.

We now define
Z
h(∆it ) =

Pitc (bit )f (bit ; α, γ, λ)dbit − PitM .

Then given β and σit , the estimate of ∆it can be calculated using a Newton-Raphson algorithm as follows,
(
(j+1)
∆it

=

(j)
∆it

−

(j)

∂h(∆it )
(j)

∂∆it

)−1
(j)

h(∆it ),

where
∂h(∆it )
=
∂∆it

Z

Pitc (bit )(1 − Pitc (bit ))f (bit ; α, γ, λ)dbit .
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2.2. Modeling of random effects covariance matrix
We decompose the random effects covariance matrix using the ARMA Cholesky decomposition. The key idea of the ARMA decomposition of Σi is that the random effect bit is
regressed on its predecessors (bi1 , . . . , bit−1 )T . We assume that
bi1 = ei1 ,
bit =

t−1
X

φitj bij +

j=1

t−1
X

`itj eij + eit , for t = 2, · · · , ni ,

(2.5)

j=1

2
2
). The parameters
where ei = (ei1 , . . . , eini )T ∼indep. N (0, Di ) with Di = diag(σi1
, . . . , σin
i
2
φitj , `itj , and σit are referred as generalized autoregressive parameters (GARPs), generalized
moving average parameters (GMAPs), and innovation variances (IVs), respectively. Then
we can rewrite (2.5) in matrix form as

Ti bi = Li ei ,

(2.6)

where Ti and Li are unit lower triangular matrices having ones on their diagonal and −φitj
and Li at their (t, j)th position for j < t, respectively. From (2.6), we have
Ti Σi TiT = Li Di LTi .

(2.7)

Σi = Ti−1 Li Di LTi Ti−T .

(2.8)

Then we have following equation

Note that Σi has ARMA structure and is factorized into the GARPs, GMAPs, and IVs.
Furthermore, we note that Σi is positive definite when all IVs are positive (Lee et al., 2017).
In addition, matrices T and L in (2.8) are unique when Σ is positive definite and the order
of ARMA structure is determined (Sung and Lee, 2018).
The parameters GARPs, GMAPs and IVs are modeled using time and/or subject-specific
design vectors witj , zitj and hit by setting
T
φitj = witj
α,

T
`itj = zitj
γ,

2
log σit
= hTit λ,

(2.9)

where α, γ are a × 1, b × 1 vectors of unknown parameters and λ is a c × 1 vector of
unknown variance parameters. This ARMA model can reduce the number of parameters for
the covariance matrix and enable reasonable interpretation, easy computation, and stable
estimation of parameters (Lee et al., 2017).
2.3. Maximum likelihood estimation
We now derive the maximum likelihood estimate of β, α, γ and λ for the model in subsection 2.2. Let θ = (β, α, γ, λ)T be the vector of parameters. The marginal likelihood function
of the MREMs is the integral over joint distribution of yi and the random effects bi , and is
given by
L(θ; y) =

ni
N Z Y
Y
i=1

t=1

Pitc (bit )yit (1 − Pitc (bit ))1−yit f (bi ; α, γ, λ)dbi ,

(2.10)

505

ARMA Cholesky decomposition for random effects covariance matrix

where f (bi ; α, γ, λ) is the multivariate normal density of bi with mean vector 0 and covariance
matrix Σi . Using (2.8), we can represent f (bi ; α, γ, λ) as
f (bi ; α, γ, λ) = (2π)

−

ni
2

ni
Y

2 − 21
(σit
)
t=1



1 T T −T −1 −1
exp − bi Ti Li Di Li Ti bi .
2

Then log of marginal likelihood function is
"n
#
Z
N
i
X
X
c
log L(θ; y) =
{yit (∆it + bit ) + log(1 − Pit (bit ))} f (bi ; α, γ, λ)dbi .
log exp
t=1

i=1

The log-likelihood with respect to parameter θ can be maximized by the following likelihood
equations:
N
X
∂ log L(θ; yi )
i=1

∂θ

=

N
X

−1

L

Z
(θ; yi )

i=1

∂L(θ, bi ; yi )
f (bi ; α, γ, λ)dbi = 0,
∂θ

(2.11)

where
L(θ, bi ; yi ) = exp

(n
i
X

)
{yit (∆it + bit ) + log(1 −

Pitc (bit ))}

,

t=1

Z
L(θ; yi ) =

L(θ, bi ; yi )f (bi ; α, γ, λ)dbi .

Since second derivatives of the observed data log-likelihood are not closed forms and they
are complex to calculate, we use a quasi-Newton algorithm to solve integrations numerically in likelihood equations (2.10). The quasi-Newton algorithm is represented by following
equations.
h
i−1 ∂ log L
θ(c+1) = θ(c) + H(θ(c) ; y)
.
∂θ(c)
In this equation, H(θ(c) ; y) is a consistent and empirical estimator of the information matrix
at step c, and it is given by
H(θ; y) =

N
X
∂L(θ; yi ) ∂L(θ; yi )
i=1

∂θ

∂θT

.

When this algorithm converges, the large-sample variance-covariance matrix of the parameter estimates become as the inverse of H(θ; y).
The first derivatives of the log-likelihood function involved with Quasi-Newton method
for each parameters are given by
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N

∂ log L(θ; y) X −1
=
L (θ; yi )
∂β
i=1
N

∂ log L(θ; y) X −1
=
L (θ; yi )
∂αk
i=1

Z
L(θ, bi ; yi )

ni
X

(yit − Pitc (bit ))

t=1

Z

∂∆it
f (bi ; α, γ, λ)dbi ,
∂β

(

ni
ni
X
eit ∂eit
∂∆it X
(yit − Pitc (bit ))
−
L(θ, bi ; yi )
 ∂α
∂α
σ
k
k
t=1
t=1 it

(2.12)
)

× f (bi ; α, γ, λ)dbi ,
)
(n
Z
ni
N
i
X
∂ log L(θ; y) X −1
eit ∂eit
∂∆it X
c
=
(yit − Pit (bit ))
−
L (θ; yi ) L(θ, bi ; yi )
∂γk
∂γk
σ  ∂γk
t=1
t=1 it
i=1

(2.13)

× f (bi ; α, γ, λ)dbi ,
(2.14)
)
(


Z
ni
ni
N
X
e2it
∂ log L(θ; y) X −1
∂∆it
1X
c
=
(yit − Pit (bit ))
+
L (θ; yi ) L(θ, bi ; yi )
2 − 1 hitk
∂λk
∂λk
2 t=1 σit
t=1
i=1
× f (bi ; α, γ, λ)dbi .

(2.15)

where
∂ei1
= 0,
∂αk


t−1 
X
∂eit
∂eij
witjk bij + `itj
=−
,
∂αk
∂αk
j=1

∂ei1
= 0,
∂γk


t−1 
X
∂eit
∂eij
=−
zitjk eij + `itj
.
∂γk
∂γk
j=1

However, calculations of the integrations in the first derivatives of the log-likelihood are
computationally intensive. To solve this problem, we use quasi-Monte Carlo (QMC) approximation which can integrate out the high-dimensional random effects bi numerically. The
QMC uses uniformly distributed deterministic sequences (Niederreiter, 1992) and we are
able to obtain approximations by following forms,
Z
f (yit | bit )g(bi )dbi ≈

M
1 X
(l)
f (yit | bit ),
M
l=1

(1)

(M )

where the set (bit , · · · , bit ) is a subsequence of a low-discrepancy sequence with sample
size of M . Additionally, we need derivatives of ∆it with respect to β, α, γ and λ to compute
(2.12)-(2.15). From the relationship (2.4), the derivatives of ∆it is derived by the following
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equation:
∂∆it
PitM (1 − PitM )xit
,
=R c
∂β
Pit (bit )(1 − Pitc (bit ))f (bi )dbi
R c
Pni eij ∂eij
Pit (bit ) j=1
2 ∂α f (bi )dbi
σij
∂∆it
k
,
= R c
∂αk
Pit (bit )(1 − Pitc (bit ))f (bi )dbi
R c
Pni eij ∂eij
Pit (bit ) j=1
2 ∂γ f (bi )dbi
σij
∂∆it
k
,
= R c
c
∂γk
Pit (bit )(1 − Pit (bit ))f (bi )dbi
!
ni
X
e2ij
1R c
Pit (bit )
2 − 1 hitk f (bi )dbi
2
σij
∂∆it
j=1
R c
.
=−
∂λk
Pit (bit )(1 − Pitc (bit ))f (bi )dbi

3. Real data analysis
3.1. Lung cancer study
In this section, we analyzed a dataset from lung cancer study using the proposed model in
Section 2. The lung cancer study was designed as a perspective open-label randomized noncomparative parallel study in a single institution (Kim et al., 2012). The study randomly
assigned 96 patients to one of two arms (GEFITINIB and ERLOTINIB). The main goal of
this study was to evaluate the response rate (the percentage of patients whose cancer shrinks
or disappears after treatment) for each arm. Kim et al. (2012) presented that there was not
significant difference between response rates in the GEFITINIB and ERLOTINIB. Given
the non-significant treatment effect on the response rate, our main question of interest in
this paper was to examine whether the two treatment arms had a negative impact on the
quality of life (QOL) of patients with lung cancer.
The European organization for research and treatment of cancer (EORTC) designed the
questionnaire for health-related QOL of 30 items. We especially focused on one QOL measure, loss of appetite (Appetite). It was initially scored on a 4-point scale (1: normal, I always
did not lose my appetite; 2: I sometimes lost my appetite; 3: I frequently lost my appetite;
4: no appetite, I usually lost my appetite). For the purpose of this paper, we dichotomized
the score between scores 1-2 (Y = 0) and 3-4 (Y = 1). We used 93 patients without missing
data at baseline, and the outcomes were followed for 25 visits. However, the proportion of
dropouts is significantly high in this dataset. Thus we considered the first 10 visits (until 10
months) and re-scaled visit numbers as (TIME=0.0, 0.2,· · · ,0.9). Additionally, we included a
type of (GROUP=1 for GEFITINIB, 0 for ERLOTINIB) as covariates to examine an effect
of each treatment on appetite levels.
Lee et al. (2017) presented the plot of the marginal proportions of the patient’s loss of
appetite and corresponding 95% confidence intervals for first 10 months (Figure 3.1). It
can be seen that the marginal proportions for the Gefitinib arm were higher than those for
the Erlotinib arm. However, there was no significant difference of the marginal proportions
between the two arms because the 95% confidence intervals for the two arms were overlapped.
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Figure 3.1 Plot of marginal proportions of patients’ loss of appetite and corresponding 95% confidence
intervals for two arms (Gefitinib (solid line) and Erlotinib (dashed line))

3.2. Computations
When we estimated parameters in the models, we used numerical integrations for all subjects. However, performing the quasi-Newton algorithm and the Newton-Raphson algorithm
was computationally intensive. Therefore, we used R and FORTRAN simultaneously to reduce calculation time. R was used to iterate quasi-Newton step and FORTRAN was used
to make subroutines (.dll files) to conduct numerical integration (calculation of ∆it using
the Newton-Raphson algorithm and the derivatives of ∆it ). Also, we computed the marginal
log-likelihood function using FORTRAN.

3.3. Model fits
We considered our proposed models with Σi which included group and time coefficients.
In particular, 9 MREMs are specified in Table 3.1. AR(1)-1 and AR(2)-1 indicate models
with homogeneous covariance matrix. These models have AR(1) and AR(2) structures in
random effects covariance matrix, respectively. AR(1)-2, AR(1)-3, and AR(2) are extensions
of AR(1)/AR(2) that have a heteroscedastic random effects covariance matrix with IVs
depending on group and time, respectively. ARMA(1,1)-1 to ARMA(2,1)-1 are MREMs
based on φitj , litj , and hit using the ARMA Cholesky decomposition approach. ARMA(1,1)1 indicates models with homogeneous covariance matrix. ARMA(1,1)-2 and ARMA(1,1)-3
indicate models with heteroscedastic covariance matrix having IV depending on group and
time, respectively. ARMA(1,1)-4 is a model with an ARMA(1,1) covariance matrix having
IV parameters quadratic in time. ARMA(2,1)-1 is a model with heteroscedastic covariance
matrix with an ARMA(2,1) structure depending on Time. We found MLEs of all parameters
by implementing the quasi-Newton algorithm represented in subsection 2.3. We iterated it
until sum of absolute differences is less than 10−4 .
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2 in the lung cancer data
Table 3.1 Models for covariance matrix with φitj , litj , and log σit

Model
AR(1)-1
AR(1)-2
AR(1)-3
AR(2)-1
ARMA(1,1)-1
ARMA(1,1)-2
ARMA(1,1)-3
ARMA(1,1)-4

GARP
φitj = α0 I(|t−j|=1)
φitj = α0 I(|t−j|=1)
φitj = α0 I(|t−j|=1)
φitj = α0 I(|t−j|=1) + α1 I(|t−j|=2)
φitj = α0 I(|t−j|=1)
φitj = α0 I(|t−j|=1)
φitj = α0 I(|t−j|=1)
φitj = α0 I(|t−j|=1)

GMAP

= γ0 I(|t−j|=1)
= γ0 I(|t−j|=1)
= γ0 I(|t−j|=1)
= γ0 I(|t−j|=1)

IV
2
log σit
2
log σit
2
log σit
2
log σit
2
log σit
2
log σit
2
log σit
2
log σit

ARMA(2,1)-1

φitj = α0 I(|t−j|=1) + α1 I(|t−j|=2)

litj = γ0 I(|t−j|=1)

2
log σit

litj
litj
litj
litj

= λ0
= λ0 + λ1 Grpi
= λ0 + λ1 T imeit
= λ0
= λ0
= λ0 + λ1 Grpi
= λ0 + λ1 T imeit
= λ0 + λ1 T imeit
+ λ2 T ime2it
= λ0 + λ1 T imeit

Table 3.2 Maximized log likelihoods and AICs for the models in GLMMs
Model
AR(1)-1
AR(1)-2
AR(1)-3
AR(2)-1
ARMA(1,1)-1
ARMA(1,1)-2
ARMA(1,1)-3
ARMA(1,1)-4
ARMA(2,1)-1

Max. log likelihood
-245.569
-244.458
-245.325
-243.413
-241.455
-241.141
-240.602
-240.531
-240.201

AIC
503.138
502.696
504.650
500.826
496.910
498.282
497.204
499.062
498.402

Table 3.3 Maximized log likelihoods and AICs for the models in MREMs
Model
AR(1)-1
AR(1)-2
AR(1)-3
AR(2)-1
ARMA(1,1)-1
ARMA(1,1)-2
ARMA(1,1)-3
ARMA(1,1)-4
ARMA(2,1)-1

Max. log likelihood
-239.092
-238.703
-235.315
-238.444
-237.120
-237.223
-235.218
-234.946
-234.802

AIC
490.184
491.406
484.630
490.888
488.240
490.446
486.436
487.604
487.892

We compared the models using maximized log likelihood values and Akaike Information
Criterion (AIC). Table 3.2 presents the results in GLMMs (Lee et al., 2017) and Table 3.3
presents the results in MREMs. From these two tables, we are able to compare MREMs to
GLMMs using AICs. AICs in all models in MREMs were smaller than those in GLMMs. So
we confirmed that MREMs worked well in lung cancer data analysis than GLMMs.
Among proposed MREMs, most of models with ARMA structures provided a better fit
than the models with AR structures in AICs. Only AR(1)-3 showed the small AIC compared to the models with ARMA structures. Thus, we consider AR(1)-3, ARMA(1,1)-3, and
ARMA(1,1)-4 that had the lowest AIC among the 9 models.
Table 3.4 Likelihood ratio test - ARMA(1,1)-3
p-value

vs AR(1)-3
0.678

vs ARMA(1,1)-1
0.038

vs ARMA(1,1)-4
0.451

-1.229*(0.279)
-0.491(0.723)
0.178(0.377)
0.277(1.006)

AR(1)-1
-1.253*(0.266)
-0.569(0.703)
0.211(0.379)
-0.099(1.017)

AR(1)-2

GARP (α)
α0
1.021*(0.100)
1.024*(0.100)
α1
GMAP (γ)
γ0
IV (λ)
λ0
1.166(0.769)
0.707(0.808)
λ1
0.869(0.897)
∗ Significance at 95% confidence level.

Time×Group

Mean (β)
Intercept
Time
Group

0.173(0.651)
-7.567*(3.698)

0.990*(0.081)

-1.210*(0.289)
-0.329(0.521)
0.210(0.394)
-0.646(1.290)

AR(1)-3

1.705(1.810)
0.806(1.489)

-0.394(0.399)

-0.499*(0.233)
4.091*(0.495)

1.065*(0.137)

-1.276*(0.267)
-0.506(0.667)
0.245(0.371)
-0.202(0.957)

ARMA(1,1)-2

1.040*(0.135)

-1.293*(0.282)
-0.412(0.680)
0.298(0.368)
-0.278(0.881)

ARMA(1,1)-1

1.867(2.492)
-7.121*(5.024)

-0.111(1.035)

1.000*(0.111)

-1.219*(0.288)
-0.321(0.520)
0.215(0.391)
-0.651(0.800)

ARMA(1,1)-3

2.334(3.304)
−5.657(3.108)

−0.870(1.160)

1.681(1.017)
−0.659(0.929)

−1.218 ∗ (0.286)
−0.349(0.538)
0.213(0.389)
−0.623(0.843)

ARMA(2,1)-1

Table 3.5 Maximum likelihood estimates for six models parameter estimates with standard errors in the parentheses
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We conducted likelihood ratio test for the three models. The likelihood ratio test (LRT)
for ARMA(1,1)-3 versus ARMA(1,1)-4 indicates that there was no significant difference
(p-value=0.451). Also, the model ARMA(1,1)-3 fit better than ARMA(1,1)-1 using LRTs
(p-value=0.038). AICs and LRT indicate that the ARMA(1,1)-3 model had the best fit
among all models. However, LRT shows that there was no significant difference between
ARMA(1,1)-3 and AR(1)-3 (p-value=0.678). Therefore, MREMs with random effects covariance matrix with an AR(1) depending on time was the best fit among all models and
we focused on AR(1)-3 model.
For the fixed effects, only intercept was significant under 5% significance level. Time,
group, and Interaction between Time and group effect were not statistically significant under
5% significance level. For estimates of the random effect covariance matrix, GARPs were
significant and GMAPs were not significant (α0 =0.990, S.E=0.081). The estimates of IVs, λ0
were not significant but λ1 was significant (λ1 = -7.567, S.E=3.698). This result means that
the random effects covariance matrix depended on time linearly. Overall, effects on losing
appetite were not significantly different between two arms (ERLOTINIB and GEFITINIB)
under 5% significance level.

4. Conclusions
We have proposed MREMs for longitudinal binary data with the random effects covariance matrix using ARMA Cholesky decomposition. The random effects covariance matrix is
decomposed into GARPs, GMAPs and IVs. The estimated random effects covariance matrix
is positive definite when all IVs are positive. In addition, the structure reduces the number
of parameters of the covariance matrix by the regression modeling of GARPs, GMAPs, and
the IVs, respectively. The decomposition also enables flexible and parsimonious modeling of
the covariance matrix.
Parameter estimation for the proposed models was implemented using the quasi-Newton
algorithm and the marginal likelihood was evaluated using quasi Monte Carlo integration.
Quasi Monte Carlo integration also approximated integrations in likelihood equations.
In lung cancer data analysis, we fitted nine MREMs with several AR and ARMA structures
of the random effects covariace matrix. The MREMs with an AR(1) random effects covariance matrix having IV depending on time was the best fit among all models we assumed.
From the result, the estimated marginal probability of losing appetite was not significantly
different between ERLOTINIB and GEFITINIB groups.
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