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Abstract
Robust estimation is widely used for analyzing statistical inference. We investigate
penalized robust estimation via Welsch loss function with group Lasso method in highdimensional linear regression models with group structure in this paper. This penalty
identifies the significant groups of predictor variables. Robust estimation with group
Lasso has crucial meaning in that it accompanies the large p (the number of predictors)
small n (sample size) problems. We present the updating algorithms for this group Lasso
problem. Compared with other penalty functions, we carried out simulation studies in
order to assess the performance of the proposed method and the real dataset was
demonstrated numerically for illustration purpose.
Keywords: Robust estimator, Welsch, penalized regression, group-Lasso, Huber.

1. Introduction
In regression problem, the utilization of least squares (LS) method is not appropriate in
solving problem containing outlier of extreme observations or non-normal residuals. Thus, a
parameter estimation method should be robust where the value of the estimation would not
be much affected by minor changes in the data. Robust statistical methods (Huber, 1981;
Lamarche, 2010; Park and Liu, 2011; Wang and Lin, 2016; Yang and Yang, 2016) give us
the solution for the problem when an underlying distribution is unknown. They perform
well under underlying assumptions whereas its performance deteriorates as the situation
becomes different from the assumptions. Robust estimation is an extension of the maximum
likelihood method.
Consider the linear model Y = Xβ+ where Y = (Y1 , . . . , Yn )T denotes a vector of response
variables. The design matrix X is an n × p matrix and  is a vector of errors. β is a vector
of regression parameters. Variable selection in high dimensional linear regression models has
gotten an active area of research. Stepwise subset selection procedures, however, have some
weak points such as intensive computation, difficulties in getting sampling properties and
unstableness (Choi, 2019; Lee, 2020). Methods for getting those problems over have been
developed via sparse penalized approaches. Many penalty functions have been utilized in
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the variable selection literature for linear regression problems (Hastie et al., 2009; Kim and
Cho, 2013; Lee, 2015; Park, 2013). Frank and Friedman (1993) considered the Lq penalty,
pλ (|β|) = λ|β|q , (0 < q < 1), yielding a Bridge regression. Tibshirani (1996) proposed the
least absolute shrinkage and selection operator (Lasso) viewed as a solution to the penalized
least squares with the L1 penalty pλ (|β|) = λ|β|. Fan and Li (2001) proposed the smoothly
clipped absolute deviation (SCAD) penalty in that a good penalty function should have three
properties: sparsity, unbiasedness, and continuity. Those methods have some advantages over
subset selection procedures.
Recently, a large literature has focused on the selection of groups of predictors (Simon and
Tibshirani, 2012; Zhou and Zou, 2010). This problem requires the methods setting to zero
entire groups of coefficients. Group selection arises whenever it is plausible to assume that
entire subsets of the X−variables (all the subsets consisting of the columns of X) are not
significantly associated with the response. In fact, high dimensional low sample size problem
invokes that a group of many X−variables is not related to the response variable and then
it implies that a group-wise penalty has a crucial meaning in dealing with this problem. The
most popular method for this group selection is the group Lasso, suggested by Meier et al.
(2008), Simon and Tibshirani (2012), and Yuan and Lin (2006).
With a regression model along with group Lasso penalty and a Welsch loss function, we
can construct the penalized robust statistical model in next sections.
The paper is organized as below. In Section 2, a general framework of robust estimation is
addressed. In Section 3, penalized robust estimation with group Lasso is presented in details.
In Section 4, simulated data and real data were analyzed by computing penalized robust
estimation with different penalty functions. The last section is contributed to the concluding
remarks.

2. Robust estimation
Now we consider robust estimation for our problem. As stated before, we take the linear
model Y = Xβ +  into account where Y = (Y1 , . . . , Yn )T denotes a vector of response
variables. The design matrix X of an n×p matrix is defined with p variables. Without loss of
∗
generality, the data are assumed to be centered, that is, X matrix is centered. Xij
= Xij −X̄j ,
Pn
1
where X̄j = n i=1 Xij , where i = 1, . . . , n and j = 1, . . . , p. And so the intercept is not
included in the model. There are p variables for X∗ = (X∗1 , . . . , X∗p ) in the model, where
∗
∗
∗ T
X∗j = (X1j
, X2j
, . . . , Xnj
) . We assume that for simplicity of notation, we denote X∗ as X
as below.
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The regression parameters of a p × 1 matrix are designated as β = (β1 , β2 , . . . , βp ) where
βj denotes the parameter coefficient for the j−th column vector of X. A vector of error of
an n × 1 matrix is  = (1 , 2 , . . . , n ) with i.i.d variables with common distribution function
F throughout, unless otherwise stated. A robust estimator Mn is defined as a solution by
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minimizing with respect to t ∈ <p (Huber, 1964).
n
X

f ((Yi − Xi t)),

i=1

where Xi , i = 1, . . . , n denotes the i−th row of X. We define the loss function with more
power than Huber loss function (Huber, 1981), the Welsch loss (Dennis and Welsch, 1978),
by setting the shape parameter to nonpositive values.
1 x
f (t) = 1 − exp(− ( )2 ).
2 c
Penalized regression model with that Welsch loss function along with group Lasso penalty
is constructed in next sections.

3. Penalized estimation with group Lasso
3.1. Group Lasso algorithm
We take the problem of selecting grouped variables (factors) for accurate prediction in
regression into consideration. Such a problem arises naturally in many practical situations
with the multi-factor analysis-of-variance problem as the most important and well-known
example. Instead of selecting individual variables by the Lasso or other penalty functions,
their group counterparts are more suitable for factor selection. Thus, group Lasso method
can be used in ANOVA problems with general design and tend to outperform the traditional
stepwise backward elimination method.
Let {Yi , Xi }, i = 1, . . . , n be a random sample satisfying Yi = Xi β+i , where i is the i−th
element of  vector. Let Y = (Y1 , . . . , Yn )T . We denote the matrix with rows Xi , 1 ≤ i ≤ n
by X ∈ Rn×p , calling it as the design matrix. We have the individual columns of the design
matrix and the corresponding entries of the regression vector. Then, we consider a partition
{G1 , . . . , Gq } of {1, . . . , p} into non-overlapping groups and denote the cardinality of a group
Gj by Tj . We then assign all columns of the design matrix X with indices in Gj to the group
Gj . Let X(j) be the submatrix of X with columns corresponding to the predictors in group
j as X(j) ∈ Rn×Tj . Similarly, for any vector β ∈ Rp , all components of β with indices in Gj
is assigned to the group Gj . β (j) ∈ RTj is the coefficient vector of that group. We denote
the Euclidean norm of a generic vector v by ||v||2 . Letting λ > 0 be a given tuning sequence,
the objective function with the group Lasso penalty is given by
β̄ := arg minp {
β∈R

q
q
n
X
X
p
1X
(j)
f (Yi −
Xi β (j) ) + λ
Tj ||X(j) β (j) ||2 },
2 i=1
j=1
j=1
(j)

(3.1)

where f is a Welsch loss function defined in chapter 2 and Xi is the i−th row of X(j) . Yuan
and Lin (2006) assume that the data is orthonormal, or sphered within each group (that
is, (X(j) )T X(j) = I, for each j) and provide an algorithm for that case. For group matrices
that are non-orthonormal, this requires sphering before application of the group Lasso. We
refer to the equation (3.1) with orthonormalization within group as the standardized group
Lasso.
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The method minimizes the empirical square loss plus a term proportional to the sum of
the Euclidean norms of groups of coefficients.
λ is a regularization parameter chosen by a data-driven criterion such as cross-validation
(CV), generalized cross-validation (GCV) (Craven and Wahba, 1979) or the BIC tuning
parameter selector (Wang et al., 2011).
Pcol(X(j) ) denotes the orthogonal projection operator onto the column space of X(j) , where
(j)
j denotes group
= ((X(j) )T X(j) )−1 (X(j) )T r(−j) . r(−j) is the j−th partial residual
P j. β̂
(−j)
(l) (l)
r
= y − l6=j X β .
The algorithm is shown as follows.
• Start with r = y.
• Let β̂ (j) = 0 for j.
• Iterate until convergence; for each (j) do the√following. 1. Update r(−j) as r(−j) =
Tj
)+ ((X(j) )T X(j) )−1 (X(j) )T r(−j) ,
X(j) β̂ (j) − r. 2. Solve β̂ (j) by β̂ (j) = (λ − ||P
(j) ||2 )
col(X

)

where (z)+ = max(z, 0). 3. Update r by r = X(j) β (j) − r(−j) .
This is a block coordinate descent algorithm, optimizing over each group given fixed coefficient values for all others. Since our problem is convex and the non-differentiable part of
our objective is group separable, our algorithm converges to the global minimum (Wang et
al., 2011; Yuan and Lin, 2006).
Liu et al. (2014) constructed a penalized regression with group lasso via Huber loss function
(Huber, 1981) whereas our method utilizes the Welsch loss function. The algorithm proposed
by Liu et al. (2014) is constructed via the idea of auxiliary function minimization (Lee and
Seung, 2001) and the block coordinates descent method (Tseng, 2001), which looks complicated. It computes the tuning parameter by adapting the stability selection specialized
for the genetic network. Our method uses the block coordinates descent method via the
Welsch loss function along with orthonormalization (standardized group Lasso). And in order to compute the tuning paramter, BIC-based criterion, instead of the stability selection,
is used, which will be discussed in next subsection. We can compare the results with those
for other non-groupwise penalized regressions.
3.2. Selection of tunning parameter
A regularization parameter λ is chosen by minimizing the generalized cross validation criterion (Wang et al., 2007). A BIC-based tuning parameter selector showed to be able to identify
the true model consistently. This motivated us to select the P
optimal λ by minimizing the BIC
n
information criterion (Wang et al., 2011) BIC(λ) = n log( i=1 ρ(Yi − Xi β)) + DFλ log(n),
where DFλ is the generalized degrees of freedom. DFλ = tr{X(1 + n|D(β̂)|−1 )XT XXT },
√
where D(β̂) is the q by q diagonal matrix of which diagonal elements are Tk , k ∈ {1, . . . , q}.

4. Numerical study
4.1. Simulation study
In this section, we present numerical results in order to show the finite sample properties
of the robust penalized estimator with heavy-tailed errors. In Table 4.1, 4.2, 4.5, and 4.6,
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we include two features: (i) estimation error (β̂ − β)T (β̂ − β)and (ii) model error (β̂ −
β)T E(XXT )(β̂ − β), where X is a design matrix.
We compare our proposed procedure (W −group Lasso) with the LASSO (Tibshirani,
1996), Elastic-net (Elastic) (Zou and Hastie, 2005), and the hard thresholding rule (Fan and
Li, 2001), the adaptive Lasso (Zou, 2012), least squares (LS) method, and Huber group Lasso
(Liu et al., 2014) with group Lasso method (LS−Group Lasso). Elastic net was computed
via R-package elasticnet, Lasso via R-package glmnet, adaptive Lasso via R-package lqa,
and hard thresholding rule via R-package rwavelet.
As for the hard thresholding rule (Fan and Li, 2001), a paradigmatic problem in nonparametric regression is the estimation of a one-dimensional function f on [0, 1] on noisy
observations Xi taken on an equispaced grid: Xi = f (i/n) + i ; i = 1, . . . , n. where the
i ’s are random variables with E(i ) = 0. We obtain the following regression formulation
Yj,k = dj,k +j,k , where j = 0, . . . , log2 n−1, k = 1, . . . , 2j . and k = 1 for j = −1, where j and
k are (respectively) scale and location parameters. Yj,k are the empirical wavelet coefficients
of Xi , dj,k are the true wavelet coefficients of f (i/n) which have to be estimated, and j,k
follow N (0, σ 2 ). In a regression, the hard thresholding rule estimates d by Y I(Y 2 /(σ 2 ) > t2 ),
where t is the threshold and I() is the indicator function (see Donoho and Johnstone, 1994).
In the simulation study, the model is Yi = Xi β + 1.5ei , i = 1, . . . , n. Here, noise ei was
chosen from the standard normal without outliers first. And then it was from the standard
normal with 10% outliers chosen from the Cauchy distribution, respectively. We considered
(n, p) = (100, 100) based on 100 datasets in ten blocks of ten. We split simulated 100
observations into 60 observations for training data and 40 observations for test data. The
number of non-zero coefficients in the first five blocks of 10 are (10, 9, 6, 4, 2) respectively,
with coefficients equal to ±1, the sign chosen at random. The second fifty predictors all have
coefficients of zero. The predictors are standard Gaussian with correlation 0.2 within a group
and zero otherwise. For each method, we present the median of the selected model sizes (the
number of variables) (SMS), the mean of the estimation errors (EE) and its standard errors,
and the mean of model errors (ME) and its standard errors (Table 4.1, 4.2, 4.5, and 4.6). In
fact, SMS is good in that it is as close to 31 as possible.
Table 4.1 Medians of the selected model size (SMS), the mean of the estimation errors (EE), and the
mean of the model errors (ME) in N (0, 1) (Each standard error is in parenthesis)
Method
LS−group Lasso
W −group Lasso
Lasso
Adaptive Lasso
Elastic
Hard
Huber group Lasso

SMS
20
40
26
28
27
45
20

EE
0.4349 (0.3425)
0.5759 (0.2456)
0.5733 (0.3182)
0.5659 (0.4364)
0.5693 (0.3242)
2.0833 (0.3098)
0.5744 (0.3435)

ME
0.3139 (0.3188)
0.4226 (0.2541)
0.4063 (0.3864)
0.2876 (0.1055)
0.3533 (0.1762)
0.7812 (0.5395)
0.4136 (0.2555)
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Table 4.2 Medians of the selected model size (SMS), the mean of the estimation errors (EE), and the
mean of the model errors (ME) in N (0, 1) with 10% outliers (Each standard error is in parenthesis)
Method
LS−group Lasso
W −group Lasso
Lasso
Adaptive Lasso
Elastic
Hard
Huber group Lasso

SMS
40
30
27
30
28
48
30

EE
1.4308 (0.5108)
0.4512 (0.2206)
0.8307 (0.4306)
0.7155 (0.3419)
0.7348 (0.4513)
2.6566 (0.9863)
0.4786 (0.2195)

ME
1.1399 (0.4193)
0.1839 (0.2119)
0.8558 (0.4065)
0.5477 (0.4501)
0.5534 (0.4104)
0.9896 (0.7451)
0.1945 (0.1549)

Table 4.3 Mean true/false positive rate for 7 methods
True positive rate
False positive rate
# of significant variables
True positive rate
False positive rate
# of significant variables

LS−group Lasso
0.54
0.63
600
Adaptive Lasso
0.83
0.47
596

Elastic
0.44
0.50
479
Hard
0.50
0.81
702

W −group Lasso
0.86
0.15
400
Huber group Lasso
0.82
0.17
400

Lasso
0.73
0.47
562

Table 4.4 Computational time comparison (CPU time in seconds)
LS−group Lasso
W −group Lasso
Lasso
Adaptive Lasso
Elastic
Hard
Huber group Lasso

p = 25
0.06
0.18
4.85
3.59
0.48
125.01
0.36

p = 50
0.27
0.58
4.59
4.49
0.69
208.76
0.54

p = 100
0.77
0.70
4.98
4.88
0.76
449.74
0.75

When noise was drawn from the standard normal without outliers, the LS−group Lasso,
W −group Lasso, Huber group Lasso, adaptive Lasso and Elastic net performed better than
the other variable selection procedures in terms of model errors, and estimation errors (Table 4.1). Estimation error and model error for our procedure are a little bit larger than
LS−group Lasso, Huber group Lasso, Lasso, adaptive Lasso and elastic net method. The
hard thresholding rule performed much worse than the others, with larger models, estimation errors and model errors. The elastic net performed better than the Lasso but had poor
performance than the adaptive Lasso.
When the data were contaminated with 10% outliers, W −group Lasso method was more
stable and performed much better than did the other variable selection procedures whereas
LS−group Lasso had much increase in estimation error and model error compared with
those in N (0, 1) model without outliers (Table 4.2). There was little difference in the performance between W −group Lasso and Huber group Lasso in N (0, 1) model without outliers.
W −group Lasso had better performance than Huber group Lasso when the data were contaminated with outliers. W −group Lasso selected important variables adequately and obtained more accurate models than did the other procedures in view of the estimation errors
and model errors. Our proposed methods were not sensitive to outliers or error distributions
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with heavier tails, and could be considered as robust variable selection and parameter estimation procedures. Since we want to find out the prediction accuracy of our group Lasso
model more elaborately, we split simulated 100 observations into 60 observations for training
data and 40 observations for test data with p = 1, 000 in order to predict the performance
of proposed model with other variations in the model with 10 % outliers (Table 4.3). We
considered 100 blocks of ten among 1, 000 predictors. The number of non-zero coefficients in
the first five blocks of 10 is (10, 9, 7, 6, 3), with coefficients equal to ±1, the sign randomly
chosen. Those patterns for non-zero coefficients are the same for 50 blocks. The remaining
five hundred predictors all have coefficients of zero.
Our proposed method had the lowest false positive error rate (Table 4.3). In fact, true
positive means correctly diagnosed as significant whereas false positive means incorrectly
diagnosed as significant. That is, true positive is counted when it is declared to be significant
while it is in truth significant whereas false positive is counted when it is declared to be
significant while it is in truth not significant.
Table 4.4 shows the average computational time for 50 runs of each of the methods under
comparison in the model with 10 % outliers. LS−group Lasso had the fastest computing
time but had little difference compared with W −group Lasso and Huber group Lasso. Other
methods did not scale well for growing p.
In the following simulation study, the model is again Yi = Xi β + 1.5ei , i = 1, . . . , n. Here,
noise ei was chosen from N (0, 10) and N (0, 10) with 15% outliers chosen from the Cauchy
distribution, respectively. The remaining settings are very similar with those as before.
Table 4.5 Medians of the selected model size (SMS), the mean of the estimation errors (EE), and the
mean of the model errors (ME) in N (0, 10) (Each standard error is in parenthesis)
Method
LS−group Lasso
W −group Lasso
Lasso
Adaptive Lasso
Elastic
Hard
Huber group Lasso

SMS
20
40
23
28
27
48
20

EE
0.3435 (0.2599)
0.5913 (0.3917)
0.5058 (0.3429)
0.4468 (0.2245)
0.4710 (0.4312)
1.1328 (0.5734)
0.5849 (0.3565)

ME
0.3008 (0.5224)
0.4735 (0.5319)
0.4829 (0.4921)
0.3978 (0.0193)
0.4078 (0.1679)
0.8765 (0.5813)
0.4635 (0.2879)

Table 4.6 Medians of the selected model size (SMS), the mean of the estimation errors (EE), and the
mean of the model errors (ME) in N (0, 10) with 15% outliers (Each standard error is in parenthesis)
Method
LS−group Lasso
W −group Lasso
Lasso
Adaptive Lasso
Elastic
Hard
Huber group Lasso

SMS
40
30
28
35
42
54
30

EE
1.5088 (0.5975)
0.4488 (0.3542)
0.7875 (0.7856)
0.6998 (0.4419)
0.7645 (0.3657)
2.9856 (0.9679)
0.4654 (0.3295)

ME
1.5412 (0.8168)
0.2428 (0.2076)
0.8867 (0.4488)
0.5545 (0.4467)
0.5813 (0.5546)
0.9355 (0.7087)
0.2675 (0.2589)
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Table 4.7 Mean true/false positive rate for 7 methods
True positive rate
False positive rate
# of significant variables
True positive rate
False positive rate
# of significant variables

LS−group Lasso
0.57
0.77
700
Adaptive Lasso
0.80
0.47
586

Elastic
0.66
0.49
550
Hard
0.54
0.80
709

W −group Lasso
0.86
0.15
400
Huber group Lasso
0.77
0.20
400

Lasso
0.53
0.59
569

Table 4.8 Computational time comparison (CPU time in seconds)
LS−group Lasso
W −group Lasso
Lasso
Adaptive Lasso
Elastic
Hard
Huber group Lasso

p = 25
0.10
0.25
3.40
3.68
0.44
112.31
0.24

p = 50
0.24
0.53
4.58
4.98
0.66
244.65
0.45

p = 100
0.53
0.65
4.78
5.27
0.59
439.64
0.67

Estimation error and model error for W −group Lasso are a little bit larger than LS−group
Lasso, Lasso, Huber group Lasso, adaptive Lasso and elastic net method in N (0, 10) model
without outliers (Table 4.5). The hard thresholding rule had worse performance than the
others because of larger estimation errors and model errors. The elastic net had better
performance than the Lasso. It, however, had poor performance than the adaptive Lasso.
While the data were contaminated with 15% outliers, W −group Lasso method had much
smaller errors than other variable selection procedures did. LS−group Lasso had dramatic
increase in estimation error and model error compared with those in N (0, 10) model without
outliers (Table 4.6). We had little difference in the performance between W −group Lasso and
Huber group Lasso but W −group Lasso had better performance with the data contaminated
with outliers. Our proposed methods were shown to be not sensitive to outliers as robust
variable selection. Besides, our proposed method had the lowest false positive error rate
(Table 4.7). Computational times had similar patterns compared with the model as before
(Table 4.8).
4.2. Real data analysis-birth weight dataset
The data were collected at Baystate Medical Center, Springfield, Mass during 1986. This
dataset is available in the R package grpreg and was used in (Yuan and Lin, 2006). The data
has the birth weights of babies, together with eight predictors. Among the predictors, two
are continuous (mother’s age (age) and weight (lwt)) and six are categorical (mother’s race
(race), smoking status during pregnancy (smoke), number of previous premature labours
(pt1), history of hypertension (ht), presence of uterine irritability (ui), number of physician
visits (ftv)). By the use of orthogonal polynomials and dummy variables, the data has 17
predictors. The goal of this study is to identify the predictors associated with giving birth to
a low birth weight baby. The Birthwt data contains 189 observations. Descriptive Statistics
are shown in Table 4.9. The first quantile is denoted as Q1 and the third quantile as Q3.
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Bwt as a response variable and lwt as a predictor seem to have outliers.
Table 4.9 Descriptive Statistics
variable
age
lwt
bwt

race
count
pt1
count

0
159

ui
count

Min
14
80
709

white
96
1
24
no
161

Continuous variables
Q1
Median
Mean
19
23
23.24
110
121
129.8
2414
2977
2945

Categorical variables
black
other
smoke
26
67
count
2
5
yes
28

3
1

ht
count
ftv
count

Q3
26
140
3487

no smoke
115

no hypertension
177

0
100

1
47

Max
45
250
4990

2
30

3
7

smoke
74
hypertension
12

4
4

5
0

6
1

We randomly split the dataset into the test data with 89 observations and the training
data with 100 observations. Bwt is a continuous response variable. Among predictors, age1,
age2, and age3 as one group are orthogonal polynomials of first, second, and third degree
representing mother’s age in years. lwt1, lwt2, and lwt3 as one group are orthogonal polynomials of first, second, and third degree representing mother’s weight in pounds at last
menstrual period. White and black as one gruop are indicator functions for race, in which
reference category is other. Ptl1 and ptl2m as one group are indicator functions for one or
for two or more previous premature labors, respectively. No previous premature labors is
the reference category. Ftv1, ftv2 and ftv3m as one group are indicator functions for one,
for two, or for three or more physician visits during the first trimester, respectively.
From Table 4.10, it is shown that W −group Lasso selected 8 important predictors, the
most parsimonious model and got the smallest test errors.
4.3. Real data analysis-Ovarian cancer data
Ovarian SNP cancer data was provided by the National Cancer Institute (NCI). Wu et al.
(2003) searched into the classification of ovarian cancer by using some statistical methods.
The dataset includes 15,154 features and a total of 260 spectra samples: 182 ovarian cancer
samples and 78 control samples. We randomly divided this dataset into a training data with
160 cases (109 ovarian cancer samples and 51 control samples) and a test data of 100 cases
(73 ovarian cancer samples and 27 control samples). The data have a very high dimension
low sample size. Even worse, some of the features acted as noise. Since these data consist
of SNPs, unfortunately, there are only a few number of significant SNPS (variables) in the
model. We assume that the variables selected were meaningful. We provide the more than
30 EOC risk loci identified to date by genome-wide association studies (GWAS). However,
the scientifically meaningful SNPs analysis is still uncertain, because it is out of our research
scope and each locus is a final endpoint. A penalized regression has drawbacks that it does
not reflect scientifically meaningful concepts technically. Yuan and Lin (2006) proposed the
group Lasso convergence criterion and it was utilized through 500 iterations. By removing
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irrelevant features, prediction accuracy can usually be improved. The data consist of xi
an intensity vector and yi denotes the sample cancer status (0 for control, 1 for cancer).
The logistic regression model with a binary response was used to fit these data. The tuning
parameter was chosen by the BIC. We standardized the dataset to zero mean and unit
variance across genes. From Table 4.11, we see that W −group Lasso selected 30 important
features and achieved the smallest test errors. The adaptive Lasso obtained fewer variables
and performed more stably than did the Lasso and Hard. The most parsimonious and best
model was obtained by our proposed procedure.
4.4. Real data analysis-Bardet
Although outliers are not common, they appear in microarray data sets very often as
outlier arrays (or samples) and can negatively affect microarray data analysis (Alon et al.,
1999). It is known that gene expression data may be contaminated with large errors or
outliers, which may affect the inference results.
Bardet-Biedl syndrome (BBS) is a rare, autosomal-recessive ciliopathy characterized by
retinal dystrophy, obesity, renal abnormalities, and genital abnormalities, postaxial polydactyly and learning difficulties. Mutations in more than 20 different genes have been responsible for BBS (ARL6, BBIP1, BBS1, BBS10, BBS12, BBS2, BBS4, BBS5, BBS7, BBS9,
CCDC28B, CEP290, IFT27, LZTFL1, MKKS, MKS1, SDCCAG8, TMEM67, TRIM32,
TTC8, WDPCP). Expression quantitative trait locus mapping in the laboratory rat (Rattus
norvegicus) are used to gain a broad system of gene regulation in the mammalian eye and to
identify genetic variation related to human eye disease. Of more than 31,000 gene probes on
an Affymetrix expression microarray, 18, 976 exhibited sufficient signal and at least 2−fold
variation in expression among 120 F2 rats generated from an SR/JrHsd × SHRSP intercross (Scheeetz et al., 2006). Our gene expression data (20 genes for 120 samples) come
from the microarray experiments of mammalian eye tissue samples. Design matrix X is a
120×100 matrix (expanded from a 120×20 matrix) giving the expression levels of 20 filtered
gene probes for the 120 rat samples. Each row corresponds to a subject, each 5 consecutive
columns to a grouped gene. Response vector Y is a numeric vector of length 120 giving
expression level of gene TRIM32 causing Bardet-Biedl syndrome. We split the dataset into
80 training data and 40 test data. Each robust regression method was applied to the training
data, respectively and assessed the performance of each method for test data sets. From Table 4.12, we see that W −group Lasso selected 40 important features, the most parsimonious
model and got the smallest test errors.
Table 4.10 Results for the birth weight dataset
# of selected variables
Test error
# of selected variables
Test error

LS−group Lasso
11
50/100
Adaptive Lasso
8
48/100

W −group Lasso
8
30/100
Hard
15
75/100

Lasso
14
66/100
Huber group Lasso
8
40/100

Elastic
10
62/100
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Table 4.11 Results for the ovarian cancer data
LS−group Lasso W −group Lasso
Lasso
# of selected variables
40
30
48
Test error
27/100
12/100
39/100
Adaptive Lasso
Hard
Huber group Lasso
# of selected variables
44
61
30
Test error
22/100
45/100
15/100

Elastic
55
24/100

Table 4.12 Results for the Bardet-Biedl syndrome data
# of selected variables
Test error
# of selected variables
Test error

LS−group Lasso
50
50/100
Adaptive Lasso
58
38/100

W −group Lasso
40
30/100
Hard
72
65/100

Lasso
68
46/100
Huber group Lasso
50
40/100

Elastic
64
42/100

5. Concluding remarks
In our numerical studies, penalized regression with group Lasso via Welsch loss function
lost little efficiency in comparison with existing penalized least methods, and this type of
estimation might be more robust than those methods. Computational time is relatively good
for our procedure. If outlying or influential observations cannot be cleaned easily, or when
it is difficult to determine if the white noise in the model follows a heavy tail distribution,
we recommend penalized estimation with group Lasso via Welsch loss function.
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