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Abstract
In this paper, we propose a deep multiple kernel least squares support vector regression (DMK-LSSVR) using particle swarm optimization (PSO). Unlike multilayer neural
networks (MNN), each LSSVR in the DMK-LSSVR is trained to minimize the penalized objective function. Therefore, the learning of DMK-LSSVR is completely different
from that of MNN that minimizes only the final objective function. In DMK-LSSVR
the grid search using GCV function is used to find optimal values of hyperparameters of each LSSVR, which has a disadvantage that takes a lot of computational time.
And the back propagation algorithm is used for the optimal values of weights and biases, which has a weakness to results in local minima. In DMK-LSSVR which utilizes
PSO (DMK-LSSVR-PSO), we find the optimal values of hyperparameters of LSSVRs,
weights and biases using PSO in one process. Using PSO, the only needed on hyperparameters are the lower and upper bound, and estimating weights and biases results in
global minimizers. Numerical studies show that DMK-LSSVR-PSO has advantages over
DMK-LSSVR and other machine learning models that use back propagation algorithm
and grid search for regression problems.
Keywords: Back propagation algorithm, deep neural network, generalized cross validation function, grid search, least squares support vector regression, multilayer neural
network, particle swarm optimization.

1. Introduction
Support vector machines (SVM) have been successfully utilized in practical problems related to classification and regression (Vapnik, 1995). Despite the successful use of SVM,
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learning SVM entails quadratic programming problems. In particular, for large-scale data,
SVM have serious difficulties solving quadratic programming problems. Suykens and Vanderwalle (1999) proposed the least squares SVM (LSSVM) which has been proven to be
a very convenient and useful method. For the introduction of SVM, LSSVM and their recent development, refer to Suykens et al. (2001), Smola and Scholkopf (2004), Seok (2015),
Hwang and Shim (2017), Hwang et al. (2018).
Because SVM and LSSVM are a model with a shallow layer structure, they often tend
to have bad results when applied to data with complex characteristics (Bengio and Le
Cun, 2007). Deep neural networks are known to show superior performance in many real
problems (Bengio et al., 2013). Many researchers studied whether kernel learning could
be modified for deep learning. Cho and Saul (2009) proposed a kernel machine for deep
learning using the arc cosine kernel, which was designed to mimic the behavior of an infinite
neural network. However, this method has a disadvantage that it is not easy to adjust
the parameters associated with the upper layer. Zhuang et al. (2011) proposed a two-layer
multiple kernel learning, which takes into account combinations of multiple kernels, but there
is a problem in expanding to multiple kernel machines with three or more layers. Wiering and
Schomaker (2014) studied simple methods for building and training multi-layered SVMs.
SVM and LSSVM have characteristics that prediction ability is highly affected by the
kind of kernel used in the model. Based on this, Hwang et al. (2018) proposed a deep
multiple kernel LSSVR (DMK-LSSVR) that uses multiple kernels and combines the ideas
of deep neural networks and LSSVR. In DMK-LSSVR, each LSSVR in the hidden layer
is trained to minimize the penalized object function and in order to obtain the optimal
weights and biases of each layer the back propagation algorithm is used. The optimal values
of the hyperparametrs of LSSVR was obtained by grid search using the generalized cross
validation (GCV) function. We know that back propagation algorithms are likely to obtain
local minimum values, and by a grid search method takes a lot of computational time for
large number of grids. To overcome these problems, we apply the particle swarm optimization
(PSO) proposed by Kennedy and Eberhart (1995) to obtain the global optimum value of
weights and bias and reduce computing time for large number of grids. In addition to, the
learning rate, the number of epochs, and the tolerance level of the output layer included in
the DMK-LSSVR are not required to train. The only needed hyperparameters are the lower
and upper bounds of weights and biases.
The outline of the remaining sections is as follows. In Section 2 we provide a brief introduction to LSSVR. Section 3 describes the DMK-LSSVR, which consists of an input layer,
two hidden layers and an output layer. In Section 4 we propose how to apply the PSO to
DMK-LSSVR and we apply DMK-LSSVR-PSO to actual data to compare with LSSVR,
multilayer neural network (MNN) and DMK-LSSVR in Section 5. In Section 6 we give the
conclusion.

2. LSSVR
xi , yi )}ni=1 . Here x i ∈ Rd is the input vector and
The given data will be denoted as {(x
yi ∈ R is the output associated with input x i . We consider an nonlinear regression model
x) = w 0φ (x
x) + b. Here, φ : Rd → Rdf is a nonlinear feature mapping function which maps
f (x
the input space to the higher dimensional feature space where the dimension df is defined
in an implicit way. The optimal problem of LSSVR is defined as the follows:
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(2.1)

xi ) − b, i = 1, · · · , n,
subject to ei = yi − w 0φ (x
where C > 0 is a penalty or tuning parameter.
Lagrangian function of equation (2.1) is as follows:
n
n
CX 2 X
1
xi ) + b),
ei −
L = w 0w +
αi (ei − yi + w 0φ (x
2
2 i=1
i=1

(2.2)

where αi is an Lagrangian multiplier.
The estimates of α and b can be obtained from the following linear equation which are
α, b).
results of differentiation of (2.2) with respect to (α


K + I/C
10

1
0

   
α
y
=
,
b
0

(2.3)

xi , x j )}ni,j=1 , K(x
xi , x j ) = φ (x
xi )0φ (x
xj )
where α = (α1 , · · · , αn )0 , y = (y1 , · · · , yn )0 , K = {K(x
from the condition of Mercer (1909).
Solving the equation (2.3), the estimated regression function given a new input vector
x t ∈ Rd is obtained as
x t ) = K tα + b = H ty ,
fˆ(x

(2.4)

xt , x 1 ), · · · , K(x
xt , x n )), α = (α1 , · · · , αn )0 , H t = (K
K t , 1)H
H 0 and
where K t = (K(x


K + I /C)−1 − (K
K + I /C)−11 (110 (K
K + I /C)−11 )110 (K
K + I /C)−1
(K
H0 =
.
K + I /C)−11 )−11 0 (K
K + I /C)−1
(110 (K
The performance of a given model is affected by the hyperparameters (penalty parameter and kernel parameter). When the type of kernel is determined, model selection means
obtaining the optimum values of the hyperparameters.
In general, grid search using the following LOOCV (leave one out-cross validation) function
is used to obtain the optimal value of hyperparameters in LSSVR.
n

CV (θθ ) =

1X
(−i)
(yi − fˆi (θθ ))2 ,
n i=1

(2.5)

(−i)
where θ is a vector consisting of penalty parameter and kernel parameter, fˆi (θθ ) is an
xi ) without i-th data. Since LOOCV requires fˆi(−i) (θθ ) for every i = 1, 2, · · · , n,
estimate of f (x
it is very inefficient to use LOOCV to obtain the optimal hyperparameters. Therefore the
LOOCV should be considered to replace another efficient one.
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We can obtain the ordinary cross validation function (OCV)using the leave-one-out lemma
of Craven and Wahba (1979) and Taylor series expansion. Replacing the diagonal elements
to means in OCV function we get the GCV as follows:

GCV (θθ ) =

n

Pn

− fˆi (θθ ))2
,
H ))2
(n − trace(H
i=1 (yi

(2.6)

x1 ), · · · , f (x
xn ))0 = H y .
where H is an hat matrix satisfying f̂f = (f (x

3. DMK-LSSVR
For the ease of computation, we consider DMK-LSSVR consisting of an input layer, two
hidden layers, and an output layer as shown in Figure 3.1.

Figure 3.1 Architecture of a DMK-LSSVR with two hidden layers and three LSSVRs on the each hidden
layer

DMK-LSSVR has two hidden layers, and each hidden layer applies LSSVR with different
(1)
types of kernel. In Figure 3.1, the depth of hidden layers dL = 3 and L` is the `-th LSSVR
xi , yi )}ni=1 while training. The estimate
of the first hidden layer which uses kernel K` and {(x
(1)
(1)
f` is the output of L` which is calculated for an input x t as follows:

(1)
xt ) =
f` (x

n
X

(1)

(1)

xt , x i )α`i + b`0 , ` = 1, · · · , dL ,
K` (x

(3.1)

i=1
(1)

(1)

where α`i , b`0 , i = 1, · · · , n are Lagrangian multiplier and bias associated the LSSVR
obtained by the linear equation (2.3), K` is a kernel related to the LSSVR.
(2)
(2)
(2)
L` is the `-th LSSVR of the second hidden layer and f` is the output of L` . For
(2)
xi ), yi )}ni=1 where z` (x
xi ) is represented as
training L` we use {(z` (x
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X
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xi ) + bz`0 , ` = 1, · · · , dL ,
w`j
fj (x
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(3.2)

j=1
(1)

z
where w`j
is a weight between fj
for an input x t as follows:

(2)
xt ) =
f` (x

n
X

(2)

and L`

(2)

and bz`0 is the related bias. The estimate f`

(2)

(2)

xt ), z ` (x
xi ))α`i + b`0 , ` = 1, · · · , dL ,
K` (zz ` (x

(3.3)

i=1
(2)

(2)

where α`i , b`0 , i = 1, · · · , n are Lagrangian multiplier and bias associated the LSSVR
obtained by the linear equation (2.3).
(2)
xt ) for an
Using the output f` of second hidden layer, we can get the final output g(x
input x t as follows:

xt ) =
g(x

dL
X

(2)
xt ) + bo0 ,
w`o f` (x

(3.4)

`=1
(2)

where w`o is the weight between f` and output layer, bo0 is the bias of output layer.
z
Now w`j
, bz`0 in (3.2) and w`o , bo0 in (3.4) are updated using back propagation algorithm.
Pn
xi ))2 . In summary, the learning algorithms
Here the objective function is E = 12 i=1 (yi − g(x
of DMK-LSSVR can be summarized as Table 3.1 (Hwang et al. ,2018).
Algorithm 3.1 DMK-LSSVR algorithm
(1) (1)
(1)
xt ) of LSSVR L(1)
1. Find (α`i , b`0 ) associated with f` (x
of the first hidden layer by
`
xi , yi )}ni=1 . Determine the optimal
utilizing the equation (2.3) for the training dataset {(x
values of penalty constant and kernel parameter using GCV function (2.6).
(2) (2)
(2)
xt ) of LSSVR L(2)
2. Find (α`i , b`0 ) associated with f` (x
of the second hidden layer
`
xi ), yi )}ni=1 . Determine the optimal
by utilizing the equation (2.3) for the dataset {(zz ` (x
values of penalty and kernel parameter using GCV function (2.6). The weights and bias
z
xi ), (w`j
associated with z ` (x
, bz`0 ) are updated using the back propagation algorithm.

xt ) of DMK-LSSVR. The weights and bias associated with
3. Find the final output g(x
xt ), (w`o , bo0 ) are updated using the back propagation algorithm.
g(x
4. Iterate steps until convergence, i.e.,
|E (new) − E| < ,
where E =

1
2

Pn

i=1 (yi

xi ))2 .
− g(x
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4. Deep multiple kernel LSSVR using particle swarm optimization
For the training DMK-LSSVR, we use the back propagation algorithm and the grid search
method using GCV function to obtain optimal values of weights, biases and hyperparameters.
We know that the back propagation algorithms are likely to converge local minimum, and
the grid search takes a lot of computational time for large number of grids. To overcome
these, we apply PSO to reduce the calculation time and obtain the global optimal weights
and biases of each layer. And if PSO is used, candidate sets of hyperparameters including
the learning rate of LSSVR in the DMK-LSSVR are not required. In addition, we can obtain
global optimal values of weights, biases and hyperparmeters in one process.
For D-dimensional exploration space (the dimension of associated parameter), we denote
the position of ith particle as p i = (pi1 , pi2 , · · · , piD ), i = 1, · · · , np , where np is the population size and v i = (vi1 , vi2 , · · · , viD ) is the velocity of i-th particle. We represent the best
location of ith particle has ever visited as p g,i = (pi1 , pi2 , · · · , pi,D ).
For each iteration, the position of each particle is adjusted by the following expression.
vik = vik + c1 φ1 (pp,ik − pik ) + c2 φ2 (pgk − pik ), pik = pik + vik , k = 1, · · · , D,

(4.1)

where pp is the personal best particle position of the particle, pg is the best global position
of the particle, c1 and c2 are acceleration factors, φ1 and φ2 are random numbersPfrom the
n
uniform distribution (0, 1). Then, the fitness (objective) function of PSO, E = 21 i=1 (yi −
2
xi )) is obtained using p i and training data.
g(x
Each epoch, p i and particle index g which minimizes fitness function are obtained using
v i in (4.1). The final p g is the global solution that minimizes the fitness function. Iteration
continues until the value of the fitness function is converged or until the specified number
of iterations. The learning algorithms of DMK-LSSVR-PSO, which is actually used in the
numerical studies, can be summarized as Table 4.1. The model consists of two hidden layer
and two nodes (LSSVRs) in each hidden layer, one using the linear kernel and the other
using a RBF kernel.
Table 4.1 Algorithm of DMK-LSSVR-PSO (dL = 2)
1. Set the PSO factors such as c1 = c2 = 2 (acceleration factors), population size,
maximal number of iterations, and the lower and upper bounds (LB, U B) of C1 , C2 , σ22
z
z
z
z
, bz10 , bz20 (weights
(hyperparameters of linear and RBF LSSVR), w11
, w12
, w21
, w22
o
o
o
and biases used in (3.2)) and w1 , w2 , b0 (weights and bias used in (3.4)).
2. Set the initial position, the initial velocity and the personal best position pb,ij such
as pij = [(LBj + φ)(U Bj − LBj )], vij = 0.1 × pij and pb,ij = pij , for i = 1, · · · , nP ,
j = 1, · · · , D, where φ is a random number from (0, 1) and [] denotes the nearest
integer function.
3. For each candidate particle p i , train the DMK-LSSVR with
Pnassociated parameters
xi ))2 , where
which are conveyed by pij . Find the fitness function E = 21 i=1 (yi − g(x
xi ) is obtained from (3.4).
g(x
4. Find the best global position p g among personal best positions.
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5. Update each particle velocity and position using (4.1).
6. Adjust position using LB and U B as follows: if pij < LBj , then pij = LBj ; else,
pij = U Bj for j = 1, · · · , D.
7. For each candidate particle p i , find the fitness function.
8. Update the personal best position p b,i as follow: if the current fitness function < the
previous fitness function, p b,i = p i ; else, p b,i = p b,i for i = 1, · · · , nP .
9. Find the best global position p g among personal best positions p b,1 , · · · , p b,nP .
10. Iterate (4)∼(9) until the tolerance of fitness function or until the maximal number of
iterations.

5. Experiments
This section studies to compare the proposed model with DMK-LSSVR, standard LSSVR,
and MNN, using actual data for regression problem. Table 4.1 describes the 10 dataset used.
The baseball, diabetes, machine-CPU and mortgage dataset are from Bilkent University
Function Approximation Repository, the concrete, GPS and yacht datasets are from UCI
Machine Learning Repository. The house and growth datasets are from LeSage and Kelley
(2009), and the crime dataset is from Anselin (1988). The values of the input and output
variables of each data were normalized to be between 0 and 1. In addition, each dataset was
randomly divided into training dataset (67%) and validation dataset (33%). The models were
trained using the training data and apply it to validation data to obtain a mean squared
errors (MSEs). The averages and standard errors of MSEs were obtained by performing this
experiment 100 times.
Since there is little performance difference depending on the activation function we use
typical RBF kernel and sigmoid functions are used as activation function for MNN and
LSSVR, respectively. MNN consists of two hidden layers, 10 nodes for each hidden layer. To
select the learning rate and batch size of MNN we use 10-fold cross-validation method.
For DMK-LSSVR, we use two hidden layer and two nodes in each layer. The Linear kernel
z
and RBF kernel for each nodes in each layer used. Optimal values of (C1 , C2 , σ 2 , w`j
, bz`0 , w`o , bo0 )
of DMK- LSSVR-PSO are obtained by using PSO. In this case we set lower and upper
bound as (1, 1, 0.1, 0 1×6 ) and (1000, 1000, 5, 1 1×6 ), respectively. And the tolerance of the
fitness function, the size of population and the number of iterations are 10−6 , 10 and 100
respectively.
Table 5.1 shows the averages and standard errors of 100 MSEs by LSSVR, MNN, DMKLSSVR and DMK-LSSVR-PSO on 10 datasets. The boldfaced number represents the minimum value in each row. From table we know that the proposed model DMK-LSSVR-PSO
is superior to other models except for 4 datasets, Columbus crime, GPS, growth and yacht.
µ
µ
For objective criteria, we performed t-tests for the alternatives H1 : µprop
< 1, H1 : µprop
<
LS
NN
µprop
1 and H1 : µDM
<
1,
where
µ
,
µ
,
µ
,
µ
are
the
MSEs
means
from
DMKprop
LS
NN
DM K
K
LSSVR-PSO, LSSVR, MNN and DMK-LSSVR respectively. The p-values were obtained as
0.0043, 0.0017 and 0.0432 respectively. In addition, we investigated how much the MSEs
average is decreased. Compared with LSSVR, MNN, DMK-LSSVR the average decreases
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Table 5.1 The averages and standard errors of MSEs by standard LSSVR, MNN, DMK-LSSVR and
DMK-LSSVR-PSO on 10 datasets (standard errors in parenthesis)
Dataset

baseball

Dataset
size
(n × d)
337×16

crime

49×6

concrete

93×7

diabetes

43×2

GPS

163×7

growth

72×43

house

98×15

machine

139×7

mortgage

1049×15

yacht

308×6

LSSVR

MNN

DMKLSSVR

0.0199
(0.0004)
0.0324
(0.0013)
0.0031
(0.0003)
0.0362
(0.0029)
0.0079
(0.0009)
0.0217
(0.0008)
0.0010
(0.0001)
0.0037
(0.0005)
0.0003
(0.0083)
0.0034
(0.0002)

0.0246
(0.0005)
0.0489
(0.0051)
0.0275
(0.0014)
0.0402
(0.0016)
0.0272
(0.0012)
0.0298
(0.0011)
0.0011
(0.0001)
0.0113
(0.0009)
0.0011
(0.0001)
0.0006
(0.0004)

0.0156
(0.0002)
0.0306
(0.0012)
0.0020
(0.0001)
0.0294
(0.0010)
0.0070
(0.0004)
0.0178
(0.0007)
0.0003
(3 × 10−5 )
0.0012
(0.0002)
0.0003
(0.0066)
0.0037
(0.0002)

DMKLSSVRPSO
0.0152
(0.0002)
0.0327
(0.0015)
0.0019
(0.0001)
0.0278
(0.0010)
0.0077
(0.0005)
0.0234
(0.0014)
0.0001
(6 × 10−7 )
0.0005
(0.0001)
0.0001
(8 × 10−7 )
0.0008
(0.0005)

41.99%, 54.09%, 26.51% respectively through 10 datasets. From the above result, we can
conclude that the proposed DMK-LSSVR-PSO is very competitive.

6. Conclusions
In this paper, DMK-LSSVR using PSO is proposed. Numerical studies have shown that
the proposed model shows more satisfactory results in regression issues than in the DMKLSSVR with back propagation algorithms and grid search. It is planning to carry out research
to develop DMK-LSSVM using PSO that can be applied to classification problems in the
future.
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