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Abstract
Survival analysis is primarily used to identify the time-to-event for events of interest. The Cox proportional hazards model takes advantage that it accounts for the
proportionate risks of covariates without estimating exact baseline hazards. However,
estimation of exact hazard distribution is always accompanied by estimating baseline
hazard function as well as regression parameters. In this study, we adopted nonparametric Bayesian hierarchical model with flexible priors in estimating cumulative baseline hazard function. We assume a monotone step function for the cumulative baseline
hazard function, where the number, size, and location of jumps are random. By Estimating the step function through stick-breaking construction, we can obtain a totally
data-driven step function.
Keywords: Baseline hazard function, Cox proportional hazard regression, nonparametric
Bayesian analysis, survival analysis.

1. Introduction
Survival analysis is a collection of statistical procedures for data analysis where the outcome variable of interest is the time until an event occurs. In a homogeneous population, the
distribution of the time to event, described by the hazards, is the same for each individual.
The ordinary survival model is based on the assumption that the study population is homogeneous. The hazard function plays a key role in survival analysis and models based on the
hazard function have dominated survival analysis since the construction of the proportional
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hazards model by Cox (1972). The proportional hazards model assumes that the baseline
hazard is common to all the individuals in the population.
The proportional hazards model is a regression model with duration as a dependent variable. The hazard function of the proportional hazards model, h(t), specifies that a baseline
hazard function h0 (t) is productive to an exponentiated linear combination of covariates.
The covariates act multiplicatively on the baseline hazard and the function of covariates is
the proportionate increase or decrease of risk, associated with the set of covariates, which is
the same at all duration t. In other words, the hazards associated with the set of covariates
remain proportional over time. One of the main advantages of the framework of the Cox
proportional hazard model is that we can estimate the parameters β without having to estimate h0 (t). Thus, the proportional hazards model is semiparametric in the sense that the
underlying baseline hazard function is totally unspecified. However, because of this property,
the regression parameters in the proportional hazards model do not suffice to describe the
exact hazard distribution.
The baseline hazard function reflects the underlying hazard for individuals in a study population with all covariates equal to 0. By making different assumptions about the baseline
hazard function, different kinds of proportional hazard models may be obtained. Although
any distribution of non-negative random variables could be applied to describe duration, certain parametric models have been used repeatedly such as exponential, Weibull, log-normal,
and gamma distributions. For example, if the duration has an exponential distribution, then
the baseline hazard is constant over time and thus leads to the exponential regression model.
The Weibull distribution allows great flexibility of the model and different shapes of the hazard function. If we use W eibull(λ, γ), then the hazard function decreases from ∞ at time
zero to 0 at time ∞ for γ < 1, constant for γ = 1, and it increases from 0 to ∞ for γ > 1.
The hazard function, which is also called hazard rate, characterizes the instantaneous
incidence rate of an event at each time. Sometimes, it is useful to deal with the cumulative
hazard function, usually denoted by H(t). The cumulative hazard function can be obtained
by integrating hazard function from zero to time t,
Z t
H(t) =
h(t) dt,
0

and provide the total accumulated risk of experiencing the event. Out of many techniques,
the most familiar estimators of the cumulative hazard rate are the Nelson-Aalen estimator
and the Breslow estimator. The Nelson-Aalen estimator is an empirical estimator of the
cumulative hazard function,
X di
,
H(t) =
ni
ti ≤t

where di and ni are the number of events and the total individuals at risk at ti , respectively.
Breslow (1972) suggested an alternative approach that yields estimators for the regression
parameters as well as an estimator for the cumulative baseline hazard function. This approach taken by Breslow is based on the nonparametric maximum likelihood estimation
(NPMLE) (Anderson et al. 1992).
Banerjee et al. (2003) have investigated semi-parametric frailty modeling for spatially correlated survival data using cumulative baseline hazards as a mixture of Beta distributions.
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Banerjee and Dey (2005) provided semiparametric proportional odds models for spatially arranged survival data. Chen et al. (2013) applied a Taylor series to approximate the log baseline hazard function in Cox proportional hazards regression to mitigate the bias arising from
analyzing the imputed time-to-event data. Oueslati and Lopez (2013) considered piece-wise
constant baseline hazard function with unknown times of jump under a proportional hazards
assumption, and develop a test procedure to perform change-point detection. Crowther and
Lambert (2014) chose restricted cubic spline functions of log time which leads to a more
plausible estimated function in continuous time. Basha and Hoxha (2019) suggested a kernel
smoothing technique for baseline hazard function, based on the Kalbfleisch-Prentice method,
and calculate the baseline survival function.
As mentioned above, the hazard function provides the instantaneous risk of an event at
each time. It may be difficult to estimate hazard function as a closed-form and understand
intuitively the concept of hazard rate function (Figure 1.1). Modeling the cumulative baseline
hazard function directly, we can obtain a greater understanding of the risk of patients over
time, with absolute measures of risk.
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Figure 1.1 Hazard rate plot

Commonly used parametric distribution to time, such as the exponential and Weibull,
make stroke assumptions about the shape of the baseline hazard function, which may be
violated in clinical datasets. Sometimes such assumptions restrict us from capturing the
underlying hazard functions. On the other hand, an advantage of nonparametric models is
their good fit and the resulting ability to deal with any distribution without any additional
assumptions.
In this study, to improve model flexibility, a nonparametric Bayesian model is considered
for estimating the cumulative baseline hazard function. We consider a simple step function
for the cumulative baseline hazard function, where the number, size, and the locations
of jumps are random. We consider more flexible prior distributions for the sizes and the
locations of jumps for unconstrained estimation in a step function. In the next section, we
discuss the Cox model and the hazard function. In section 3, we demonstrate nonparametric
Bayesian modeling for a monotone function and describe Bayesian inference using stick-
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breaking prior. Section 4 applies the proposed method to real data and we conclude the
paper in section 5 with a discussion.

2. Bayesian modeling for cumulative baseline hazard function
While the covariates can be accounted for by the Cox proportional hazards model, the
relative performance of the baseline hazard function is not clear. In this regard, Breslow
(1972) suggested estimating the regression parameters and the cumulative baseline hazard
function by the maximum likelihood framework. He adopted the profile likelihood approach
by extending the Nelson-Aalen estimator, which is the nonparametric estimator of cumulative hazard rate. The Breslow estimator for the cumulative baseline hazard function is the
most commonly used and has been implemented in all major statistical software packages
(Lin, 2007). More details in estimating baseline hazard function are described in Kalbfleisch
and Prentice (2002).
2.1. Cox model and Breslow estimator
The proportional hazards model by Cox (1972) specifies the conditional hazard function
of survival time t given a set of covariates X, which takes the form product of an arbitrary
baseline hazard function and an exponential regression function of covariates,
β 0 X),
h(t|X) = h0 (t)exp(β
where h0 (t) is a baseline hazard function and β is a vector of unknown regression parameters.
For a random sample of size n, we observe {ti , ∆i }, (i = 1, . . . , n), where ti = min(Ti , Ci ),
∆i = I(Ti ≤ Ci ), Ci is the censoring time. Cox (1975) introduced the concept of partial
likelihood,
0
n n
o∆i
Y
eβ Xi
P
β) =
,
P L(β
0
β Xi
j∈Ri e
i=1
β ), the maximum partial likelihood estimator
where Ri = {j : tj ≥ ti }. By maximizing P L(β
β can be obtained.
β̂
Since the Cox proportional hazards model relies on the proportional hazard assumption,
which means the relative hazard remains constant over time, it is not necessary to estimate the exact baseline hazard function. However, because of this property, the regression
parameters in the proportional hazards model do not suffice to describe the exact hazard distribution. In addition, the partial likelihood has little usage outside of the proportional hazard model. By contrast, the Breslow estimator from the NPMLE approach has far-reaching
implications.
Rt
We can get the cumulative baseline hazard function by integrating h0 (t), H0 (t) = 0 h0 (t)du.
Breslow (1972) suggested to estimate β and H0 (t) in the maximum likelihood framework.
The joint likelihood for β and H0 (t) is
β , H0 ) =
L(β

n
Y

0
h0 (t)eβ X
i=1

∆i

n Z t
o
0
exp −
h0 (t)eβ X dt .
0
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β , H0 ) at β̂
β is
Breslow estimator which maximizes L(β
c0 (t) =
H

n
X
I(ti ≤ t)∆i
.
P
0
β X
β̂
i=1
j∈Ri e

The Breslow estimator of the cumulative baseline hazard function has been implemented
in all major statistical software packages. In addition to its practical impact, simple transformations of the Breslow estimator allow us to estimate the cumulative baseline hazard
function for complex situations, such as correlated survival times. Furthermore, we can use
the Breslow method extended from the NPMLE approach to estimate both the finite and
infinite dimensional parameters.
2.2. Modeling cumulative baseline hazard function
Given the hazard, we can always integrate hazard function from 0 to t to obtain cumulative
hazard. Returning to Cox proportional hazard model, by integrating both sides, we can
obtain the cumulative hazards
Z t
β 0 X)
H(t|X) =
h(t|X) dt = H0 (t)exp(β
0

which is also proportional. While the hazard function describes instantaneous increase or
decrease of hazard rate, the cumulative hazard rate can only be increase or remain the
same over time. Here, we consider a simple step function for the cumulative baseline hazard
function, H0 (t).
For t = 1, . . . , T , the process is observed at time t and denoted by Yt . The time domain
T can be partitioned into an unknown number, I, of disjoint sub-intervals with unknown
endpoints, with t1 = 1 and tI+1 = T . We assume the process to be constant within each
interval. Then conditional on a set of ordered times {ti ∈ (1, T ) : i = 2, . . . , I}, Yt can be
expressed as
Yt = ηi for ti ≤ t < ti+1 , i = 1, . . . , I.
Without loss of generality, assume that the observed process Yt is bounded by a finite constant M , that is, 0 ≤ Yt ≤ M < ∞. The bounded step function can be modeled conditional
on the sizes and the locations of jumps. Considering monotonicity of step function, Yt can
be modeled as
k
X
Yt = M
pj + , t ∼ (0, σ 2 ),
j=1

PN

for τk−1 ≤ t < τk and
j=1 pj = 1. Note that the time domain is partitioned into an
unknown number, N , of disjoint sub-intervals with unknown endpoints {τ0 , . . . , τN }, where
τ0 = 0 and τN = ∞. Therefore,
k
 X

Yt |p1 , . . . , pN , σ 2 ∼ M
pj , σ 2 .
j=1

For the distribution of t , or equivalently Yt , we can use families of non-negative distributions such as log-normal, gamma, and truncated normal distributions.
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Now, we consider a more flexible prior distribution. In general, nonparametric models
require fewer assumptions about the data and prove better in situations where the data has
complex forms such as skewness or multimodality. We consider a general class of priors called
stick-breaking priors for the sizes and the locations of jumps for unconstrained estimation
of step function.
Note that the stick-breaking prior is almost surely discrete random probability measure,
and by considering nonparametric prior for τ ’s,
τ ∼G≡

N
X

πj δτj (·),

j=1

π1 = U1 ,

πj = Uj

k−1
Y

(1 − Uk ),

j = 2, . . . , N

j=1
ind

Uj ∼ Beta(αj , βj ), UN = 1,

j = 1, . . . , N − 1

τ ∼ G0 ,
where G0 is a base measure, δτj is a discrete measure concentrated at τj , and πk denotes
PN
random weights chosen to be independent of τj such that 0 ≤ πj ≤ 1 and j=1 πk = 1
almost surely. Note that the stick-breaking prior can be constructed using a finite or an
infinite number of terms, 1 ≤ N ≤ ∞.
Two general types of Gibbs sampling methods are most commonly used for Bayesian nonparametric hierarchical models that are based on the stick-breaking prior. The first method is
applicable when the prior can be characterized by a generalized Pólya urn mechanism, which
involves drawing samples from the posterior of a hierarchical model formed by marginalizing
over the prior. The Pólya urn Gibbs sampler is a versatile method for fitting Bayesian models, however, there exist several limitations with this approach, typically a computational
problem in the non-conjugate case. To avoid this problem, we consider the blocked Gibbs
sampler which doesn’t need marginalizing over prior.
For given observations (t1 , y1 ), . . . , (tn , yn ), we set G0 = U nif orm(s1 , s2 , . . . , sn−1 ) in
which cut points sj = (tj + tj+1 )/2 and intervals [sj , sj+1 ) for j = 1, . . . , N − 1. For convenience, the observations are ordered as t1 < t2 < · · · < tn . For prior of the random weights
(p1 , . . . , pN ), we assume a Dirichlet distribution.
(p1 , . . . , pk ) ∼ Dirichlet(c1 , . . . , ck ).
The Bayesian hierarchical model can be written as, for i = 1, . . . , n,
ind

(Yi |τi , p, σ 2 ) ∼ π(Yi |τi , p, σ 2 ),
iid

π) ∼
(τi |π
π(p) ∝

N
X

πj δτj (·),

j=1
n
Y

pici −1 ,

i=1

(σ 2 ) ∼ π(σ 2 ).
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Since we use the blocked Gibbs sampler with finite dimensionality which allows us to
express our model entirely in terms of a finite number of random variables, the previous
hierarchical model can be rewritten as
ind

(Yi |Z, K, p, σ 2 ) ∼ π(Yi |ZKi , p, σ 2 ),
iid

π) ∼
(Ki |π

N
X

πk δτk (·),

k=1

π , Z) ∼ π(π
π ) × G0 (Z),
(π
n
Y
π(p) ∝
pci i −1 ,
i=1

(σ 2 ) ∼ π(σ 2 ),
iid

where K = (K1 , . . . , Kn ), Z = (Z1 , . . . , ZN ) and Zk ∼ G0 .

3. Nonparametric Bayesian inference
To estimate the parameters, we have to draw values from the posterior distribution
π(Z, K, π, p, σ 2 |Y) directly. This can be achieved by the blocked Gibbs sampler, which
works by iteratively drawing values from the conditional distributions
(Z|K, p, σ 2 , Y),
(K|Z, π , p, σ 2 , Y),
(π|K),
(p|K),
(p|Z, K, σ 2 , Y),
(σ 2 |Z, K, p, Y).
To draw samples from (Z, K, π, p, σ 2 |Y), we consider the finite sufficiently large number
N , which utilized for each iteration, as the unknown number of intervals instead of infinity.
∗
At each iteration, {K1∗ , . . . , Km
} denotes the set of m unique values of K. Further, K =
(K1 , . . . , Kn ) and Z = (Z1 , . . . , ZN ) acts as cluster indicator, which implies Ki = j and
τj = ZKj for τj−1 ≤ ti < τj . The procedure to draw values by the blocked Gibbs can be
specified as the following order:
1. Sample Z = (Z1 , . . . , ZN ) from full conditional distribution, (ZKj∗ |K, p, σ 2 , Y)
Y
f (ZKj∗ |K, p, α , β , σ 2 , Y) ∝ G0 (dZKj∗ )
f (Yi |ZKj∗ , p, σ 2 ), j = 1, . . . , m.
{i:Ki =Kj∗ }
∗
Then, for each k ∈ K − {K1∗ , . . . , Km
}, generate Zk from base distribution G0 .
2. Sample K = (K1 , . . . , Kn ) from the full conditional distribution
ind

(Ki |Z, π , p, α , β , σ 2 , Y) ∼

N
X
k=1

∗
πk,i
δk (·),

i = 1, . . . , n.
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∗
where πk,i
∝ πk f (Yi |Zk , p , σ 2 ). Sampling Ki is equivalent to sampling (Ki |Z, π , p, α , β , σ 2 , Y)
∗
∗
, . . . , πN,i
).
from M ultinomial(N, π ∗i ), where π ∗i = (π1,i
3. Sample α and β for the distribution of Uj∗

Γ(αj + βj ) a−1
αj exp{−(b − lnUj∗ )αj },
Γ(αj )
Γ(αj + βj ) c−1
f (βj ) ∝
βj exp{−(d − ln(1 − Uj∗ ))βj },
Γ(βj )
f (αj ) ∝

where a, b, c, and d are constant hyperparameters of gamma prior. By setting αj = 1 for
j = 1, . . . , N − 1, we can draw βj from the following full conditional posterior
βj ∼ Gamma(c + 1, d − ln(1 − Uj∗ )).
4. Sample τj , j = 1, . . . , m from τj = ZKj∗ , where Z is determined from step1, and
∗
{K1∗ , . . . , Km
} denotes the unique values of K from step2. Further, m denotes the number
of current unique values of K, then τj−1 ≤ ti < τj means Ki = j and τj = ZKi = ZKj∗ .
5. Sample π = (π1 , . . . , πN ) from its stick-breaking conditional posterior
N


X
Mk ,
UJ∗ ∼ Beta αj + Mj , βj +
k=j+1

π1 = U1∗ ,

πj = Uj∗

j−1
Y

∗
(1 − UK
),

k=1

for j = 2, . . . , N −1 and πN = 1− j = 1N −1 πj . Note that Mj be the number of observations
contained in the jth cluster, that is, the number of observations such that Ki = j.
6. Sample p = (p1 , . . . , pm−1 ) from the conditional distribution
P

f (p|σ 2 , τ , Y) ∝ pc11 −1

m−1
Y
j=2

c −1

pjj



2 
j
m−1
X
1 X
exp − 2
Mj Ȳj − M
pk
,
σ j=1
k=1

P

where Ȳj =
{i:Ki =j} Yi /Mj , which means the mean of jth cluster, and set pm = 1 −
Pm−2
j=1 pj . We use Metropolis-Hastings algorithm in this step.
7. Sample σ 2 from the inverse-gamma posterior
(σ

−2



j
m−1

2
X
1 X
(m − 1)
+ as ,
Mj ȳj − M
p k + bs ,
|pp, τ, Y) ∼ Gamma
2
2 j=1
k=1

where as and bs are the hyperparameters of the inverse-gamma prior.

4. Real data
The data consists of patients enrolled in a randomized controlled trial, named VolumE
maNagement Under body composition monitoring in critically ill patientS (VENUS) on continuous renal replacement therapy (CRRT). The VENUS trial involved critically ill patients
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with acute kidney injury who required CRRT; patients with chronic kidney disease or imminent death were excluded. Among the enrolled 126 patients in the VENUS trial between
July 2017 and September 2019, a total of 66 patients were included in the study. The followup duration in days is from the initial date of CRRT to discharge or death and among 66
patients, 31 were dead. The average of follow-up days is 25.08, and the range is a minimum
of 4.0 to a maximum of 60.0.
Figure 4.1 shows the nonparametric cumulative hazard estimator, Nelson-Aalen estimator,
which starts at zero and has a step at each death.
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Figure 4.1 Cumulative hazard graph of Nelson-Aalen estimator

Among several methods for estimating cumulative baseline hazard function, we used the
Breslow estimator which is based on the Cox proportional hazard model. We conducted
Markov Chain Monte Carlo (MCMC) method by following the steps described in Section 3.
To check the convergence of each run of the blocked Gibbs sampler, we used traceplots and
autocorrelation plots. Then we calculate the posterior means for the locations and jumps
of the step function. For our data, we ran 10,000 iterations, and the first 5,000 were used
as a burn-in period. This burn-in period is long enough to get random samples. From the
last 5,000 iterations, we obtained the results in Figure 4.2 and Table 4.1, which show the
number of clusters at each iteration and its frequency.
m
count
percent (%)

3
1
0.02

4
10
0.20

Table 4.1 The number of clusters
5
6
7
8
9
307
1389
1616
986
456
6.14
27.78
32.32
19.72
9.12

10
170
3.40

11
48
0.96

12
12
0.24

13
5
0.10

As the 4.1 shows, the number seven is selected the most frequently. Thus, we estimated
the step function which has seven steps. Table 4.2 and Figure 4.4 summarizes the estimated
parameters and the estimated step function. In order to compare the proposed methods to
the nonparametric and parametric estimator of the cumulative baseline hazard function, we
used the Nelson-Aalen estimator and Weibull distribution for the survival time. Compared
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Figure 4.2 The number of clusters
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to the Weibull distribution, the estimated function explains closer to the crude cumulative hazard rates and detects global trends of increase in hazards, still, the Nelson-Aalen
estimator seems too dense to explain overall hazards (Figure 4.3).
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Figure 4.3 Nelson-Aalen cumulative hazard graph (black line), the estimated function (blue line) and
Weibull cumulative hazard function (red line)

5. Conclusion and remarks
The cumulative hazard function provides the information on risk over time rather than the
hazard function. We propose the method to estimate the cumulative hazard function as a
monotone step function. In this process, we applied the nonparametric Bayesian hierarchical
model with a general class of priors called stick-breaking construction. We consider much
more flexible forms of priors for unconstrained estimation in a step function, and thus we can
obtain a fully data-driven step function. However, this article shows a graphical comparison,
so it remains a further study to prove a better performance of the proposed model by
objective figures.
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Figure 4.4 The Estimated monotone step function.
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