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Abstract
Based on many literature for the partial VUS (volume under the ROC surface), a
partial VUS is proposed alternatively in this work. This partial VUS is represented as
the probability and formulated with the integral equations using two kinds of the ROC
surface functions. We derive some relationships among the first type of the ROC surface
function, its derivatives and the second partial derivative of the partial VUS. It is found
that the optimal thresholds for the ROC surface are derived by using derivatives of the
ROC surface function or the third partial derivative of the partial VUS. And the second
type ROC surface function is discussed and explained with the results obtained from
the first type of the ROC surface function. Various normal distribution functions are
illustrated to find two ordered optimal threshold using the partial VUS.
Keywords: Accuracy, classifier, discrimination, sensitivity, specificity.

1. Introduction
The ROC (Receiver operating characteristic) curve is a useful method to visualize and
evaluate classification models or classifiers based on its performance. It has been used for a
long time in the signal detection theory which indicates a trade-off between the sensitivity
and 1-specificity of the classifier. Many researches on the characteristics of ROC curves and
the application of ROC analysis in decision-making and medical diagnosis systems can be
found in many literature including Zweig and Campbell (1993), Berry and Linoff (1999),
Provost and Fawcett (2001), Zhou (2002), Fawcett (2003, 2006), Pepe (2003, 2006), Tasche
(2006), Vuk and Curk (2006), Hong and Choi (2009), Hong et al. (2010) etc.
A well-known statistic for determining the discriminant power for the ROC curve is the
AUC (area under the ROC curve) and a specicfic area in the AUC as the ‘partial AUC’
(Hanley and McNeil, 1982; McClish, 1989; Thompson and Zucchini, 1989; Centor, 1991;
Jiang et al., 1996; Bradley, 1997; Swets et al., 2000; Joseph, 2005; Krzanowski and Hand,
2009). Hong and Cho (2019) suggested another partial AUCs which represent the special
parts of the total area under the ROC and CAP curves, and discussed to find optimal
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thresholds using two well known accuracy measures such as TA (total accuracy) and TR
(true rate) based on the first and second differential equations of the partial AUC functions.
Whereas the partial AUC has some restriction only on the TPR (true positive rate) which
is the horizontal axis of the ROC curve, Yang et al. (2019) proposed the two-way partial
area under the ROC curve which has some conditions on both the horizontal and vertical
axises of the ROC curve, TPR and FPR (false positive rate). Moreover, they explained this
with integration equations.
In real world, there are many cases that are classified into more than two categories, so that
a method to measure the discrimination power of the multi-category classification model is
required. Therefore, the ROC surface method which represents a model that classifies the
three categories was developed. The volume under the ROC surface (VUS) statistic is also a
well known measure to evaluate the discriminant power for the ROC surface. See Mossman
(1999), Dreiseitl et al. (2000), Heckerling (2001), Fawcett (2003), Nakas and Yiannoutsos
(2004), Nakas et al. (2010), Patel and Markey (2005), Hong et al. (2013) for more detail.
In this work, we will concentrate on the ROC surface, VUS and its related fields. For the
ROC surface, Xiong et al. (2006) developed some methods to define and derive the partial
VUS. Hong et al. (2019) explained the two-way partial area under the ROC curve more exactly and clearly than Yang et al. (2019) with probability concepts. And in order to calculate
the two-way partial AUC, its probability was represented with integration equations which
are able to explain the relation between the partial and two-way partial AUC. Furthermore,
using the probability concepts of the partial VUS proposed by Xiong et al. (2006), various
definitions of the partial VUS are expressed with integration equations.
In this work, the definitions of the partial AUC for the ROC curve and the partial VUS
for the ROC surface are derived consistently using probability concepts, and propose an
alternative partial VUS by extending results of Hong and Cho (2019). And the partial
VUS defined in this work is formulated with easy integration equations. Furthermore, with
some partial differential equations of this partial VUS, some methods of finding two ordered
optimal threshold are explored by using some accuracy measures with various distribution
functions.
In Section 2, the definitions of the partial VUS for the ROC surface proposed by Xiong
et al. (2006) and Hong et al. (2019) are compared and explained consistently with probability
concepts. And a partial VUS is proposed alternatively in Section 3. This partial VUS is
described as the probability. Moreover, based on two kinds of the ROC surface functions,
the partial VUS is expressed with the double integral equations and a single integral equation
as well. In Section 4, it is found that the first type of the ROC surface function has a relation
with the second partial derivative of the partial VUS, and optimal thresholds for the ROC
surface can be derived by using derivatives of the ROC surface function or the third partial
derivative of the partial VUS. Moreover, the first derivatives of the second type ROC surface
function are discussed and explained with the results obtained from the first type of the ROC
surface function. Various normal distribution functions are illustrated to find two ordered
optimal thresholds in Section 5. Finally, some conclusions are mentioned in Section 6.

2. VUS for the ROC surface
Let X1 , X2 , X3 be three score random variables whose corresponding cumulative distribution functions are F1 (·), F2 (·), F3 (·), respectively. For any x ∈ (−∞, ∞), assume that
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F1 (x) ≥ F2 (x) ≥ F3 (x). Consider a discrimination task involving three events (classes),
denoted {E1 , E2 , E3 } assigned by the testing procedure, and an observer attempts to
discriminate among a set of 3 events, denoted {D1 , D2 , D3 }.
The probability, P (Di |Ej ) for i, j = 1, 2, 3, means that the observer will make a particular
decision, Di , given that a particular event, Ej , occurred. The six probabilities, P (Di |Ej ), i 6=
j, are the false classification rates, and the three probabilities, P (Dk |Ek ), k = 1, 2, 3, are the
true classification rates: P (D1 |E1 ) = F1 (x01 ), P (D2 |E2 ) = F2 (x02 ) − F2 (x01 ), P (D3 |E3 ) =
1 − F3 (x02 ) for two ordered decision markers (thresholds) x01 , x02 (x01 < x02 ).
The surface generated by three true classification rates is called the ROC surface with
the two decision markers over the domain of X. This is constructed by plotting the points
(F1 (x1 ), F2 (x2 ) − F2 (x1 ), 1 − F3 (x2 )) in three dimensional space. There are two kinds of
well-known functional forms of the ROC surface such as
ROCs (p1 , p3 )
ROCs (p)

=

F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 )), 0 ≤ p1 , p3 ≤ 1,

(2.1)

=

F1 (F2−1 (p))[1

(2.2)

−

F3 (F2−1 (p))],

0 ≤ p ≤ 1,

where p1 = F1 (x1 ), p3 = 1 − F3 (x2 ) and p = F2 (x2 ).
The VUS is defined based on two kinds of the ROC surface functions (1.1) and (1.2) as
the followings: (see Nakas and Yiannoustsos, 2004; Hong et al. 2013 for more details)
V US

= P (X1 ≤ X2 ≤ X3 )
Z 1 Z F1 (F3−1 (1−p3 ))
[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp1 dp3
=
0

Z
=

(2.3)

0
1

F1 (F2−1 (p))[1 − F3 (F2−1 (p))]dp.

(2.4)

0

The integration expressions of VUS in (2.3) and (2.4) are equivalent to the equations (1)
and (2) of Xiong et al. (2006), respectively. The partial AUC for the ROC curve was discussed
and defined in many literature. Furthermore, the definitions of the partial VUS for the
ROC surface are also found in many works. Among them, Xiong et al. (2006) proposed the
partial VUS which belongs to the interval between the minimum desired specificity and the
minimum desired sensitivity. And Hong et al. (2019) defined the partial VUS alternatively
in Definition 3.1 such as
P (x01 ≤ X1 ≤ X2 ≤ X3 ≤ x02 ∪ x03 ≤ X1 ≤ X2 ≤ X3 ≤ x04 ∪ x01 ≤ X2 ≤ x04 )
for four specific points x01 to x04 (x01 < x02 < x03 < x04 ). In this work, we will focus the
probability and its integration expression of the partial VUS.

3. The partial VUS
By extending the partial VUS of Xiong et al. (2006) and Hong et al. (2019), we propose
alternative partial VUS. By using the probability concept, the partial VUS, pV U S(u1 , u2 ),
is defined as the following.
Definition 3.1 For two specific points x01 , x02 (x01 < x02 ) and u1 = F1 (x01 ), u2 = 1 −
F3 (x02 ), the partial VUS is set with the probability:
pV U S(u1 , u2 ) = P (X1 ≤ X2 ≤ X3 ∩ X1 ≤ x01 ∩ x02 ≤ X3 ).
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The relationship among three random variables X1 , X2 and X3 , and their corresponding
density functions f1 (·), f2 (·) and f3 (·) is represented in the left plot of Figure 3.1. Moreover,
the partial VUS appears as a shaded volume shown in the right plot of Figure 3.1.

Figure 3.1 The partial VUS

This partial VUS in Definition 3.1 is proposed with integration expressions like in Theorem
3.1 and 3.2.
Theorem 3.1 The partial VUS in Definition 3.1 is expressed with the double integral equations using the first type of the ROC surface function. For specific points x01 , x02 (x01 < x02 )
and u1 = F1 (x01 ), u2 = 1 − F3 (x02 ),
Z u2 Z u1
pV U S(u1 , u2 ) =
[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp1 dp3 ,
0

0

where p1 = F1 (x1 ) and p3 = 1 − F3 (x2 ) .
Proof :
Z
pV U S(u1 , u2 )

∞

x01

Z

[F2 (x3 ) − F2 (x1 )]f1 (x1 )dx1 f3 (x3 )dx1

=
x02

−∞
0 Z u1

Z
= −
u
Z u2 2Z
=
0

0
u1

[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp1 dp3

[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp1 dp3 .

0


The partial VUS in Theorem 3.1 can be easily obtained by exchanging p1 and p3 such as
Z u1 Z u2
pV U S(u1 , u2 ) =
[F2 (F3−1 (1 − p3 )) − F2 (F1−1 (p1 ))]dp3 dp1 .
0

0

Theorem 3.2 The partial VUS in Definition 3.1 is expressed with the single integral equations using the second type of the ROC surface function. For specific points x01 , x02 (x01 <
x02 ) and u1 = F1 (x01 ), u2 = 1 − F3 (x02 ),
Z u2
pV U S(u1 , u2 ) =
[F1 (F2−1 (p)) − F1 (F2−1 (u1 ))][F3 (F2−1 (u2 )) − F3 (F2−1 (p))]dp,
u1

where p = F2 (x2 ).
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Proof :
Z
pV U S(u1 , u2 )

x02

[F1 (x2 ) − F1 (x01 )][F3 (x02 ) − F3 (x2 )]dF2 (x2 )

=
x01
u2

Z
=

[F1 (F2−1 (p)) − F1 (F2−1 (u1 ))][F3 (F2−1 (u2 )) − F3 (F2−1 (p))]dp.

u1



4. Relationship between the partial VUS and optimal thresholds
The partial VUS discussed in Section 3 is obtained using two kinds of the ROC surface
functions. In this section, we derive some useful information for optimal thresholds using
the ROC surface functions based on the partial VUS.
First, the relationship between the partial VUS defined in Theorem 3.1 and the first type
ROC surface function in (2.1) is explored. Since the second partial derivative of the partial
VUS in theorem 3.1 with respect to u1 and u2 is the first type of the ROC surface function
of u1 and u2 , two optimal thresholds could be obtained by using two following facts: One is
two of the first partial derivative of the first type ROC surface function with respect to u1
or u2 , respectively. The other is two of the third partial derivative of the partial VUS with
respect to twice of u1 and one of u2 or one of u1 and twice of u2 .
Theorem 4.1 The second partial derivative of the partial VUS in Theorem 3.1 turns to be
the first type ROC surface function in (2.1). That is, for u1 = F1 (x01 ), u2 = 1 − F3 (x02 ),
∂2
pV U S(u1 , u2 ) = F2 (F3−1 (1 − u2 )) − F2 (F1−1 (u1 )).
∂u1 ∂u2
Proof : One can find that result of the second partial derivative of the partial VUS with
respect to u1 first and next u2 is the same as that of the second partial derivative of the
partial VUS with respect to u2 first and next u1 .
" Z
#
F1 (F3−1 (1−u2 ))
∂2
∂
−
[F2 (F3−1 (1 − u2 )) − F2 (F1−1 (p1 ))]dp1
pV U S(u1 , u2 ) =
∂u1 ∂u2
∂u1
u1
= F2 (F3−1 (1 − u2 )) − F2 (F1−1 (u1 )).

From Theorem 4.1, it is found that the second partial derivative of the partial VUS is the
first type of the ROC surface functions. Next, in order to find optimal thresholds using the
ROC surface, we take derivatives of the first type of the ROC surface functions in Theorem
4.2.
Theorem 4.2 The first partial derivatives of the first type ROC surface function with
respect to u1 and u2 , respectively, are the ratios of two the probability density functions.
∂
ROCs (u1 , u2 )
∂u1

= −

f2 (F1−1 (u1 ))
,
f1 (F1−1 (u1 ))

∂
ROCs (u1 , u2 )
∂u2

= −

f2 (F3−1 (1 − u2 ))
.
f3 (F3−1 (1 − u2 ))
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Proof : The first partial derivatives of the first type ROC surface function with respect to
u1 is
∂
ROCs (u1 , u2 )
∂u1


d
−F2 (F1−1 (u1 ))
du1

dF1−1 (u1 )
d
=
−F2 (F1−1 (u1 ))
−1
du1
dF1 (u1 )

−1 

d
d
=
F1 (x01 )
−
F2 (x01 )
dx01
dx01
=

= −

f2 (x01 )
f2 (F1−1 (u1 ))
=−
.
f1 (x01 )
f1 (F1−1 (u1 ))

And the first partial derivatives of the first type of the ROC surface function with respect
to u2 turns to be
∂
ROCs (u1 , u2 )
∂u2


d
F2 (F3−1 (1 − u2 ))
du2

−1

d
d
F2 (F3−1 (1 − u2 ))
=
−
F3 (x02 )
−1
dx02
dF3 (1 − u2 )
=

= −

f2 (x02 )
f2 (F3−1 (1 − u2 ))
.
=−
f3 (x02 )
f3 (F3−1 (1 − u2 ))


We may conclude that these results in Theorem 4.2 are similar with that of Hong and Cho
(2019) which is the ratio of two the probability density functions for the ROC curve. Since
the second partial derivative of the partial VUS is the first type ROC surface function, we
take the third partial derivative of the partial VUS like in Lemma 4.1.
Lemma 4.1 Two kinds of the third partial derivative of the partial VUS in Theorem 3.1
are also represented the corresponding ratios:
∂3
f2 (x01 )
∂3
f2 (x02 )
pV
U
S(u
,
u
)
=
−
,
pV U S(u1 , u2 ) = −
.
1
2
2
2
∂u1 ∂u2
f1 (x01 ) ∂u1 ∂u2
f3 (x02 )
Therefore, one might conclude that two optimal thresholds can be found since there are
two axises for the first type of the ROC surface functions. By using these derivatives in
Theorem 4.2 and Lemma 4.1, optimal thresholds corresponding to accuracy measures can
be derived. For example, the optimal threshold for the well known accuracy measure, TR
(true rate), is obtained when these ratios in Theorem 4.2 and Lemma 4.1 are set to be -1.
Some examples to find optimal thresholds for some accuracy measures are explored with
various kinds of distribution functions in Section 5.
Next, the relation between the optimal thresholds and the second type ROC surface function is explored. The first derivatives of the second type ROC surface function in (2.2) is
discussed in Theorem 4.3.
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Theorem 4.3 For any x0 , the first derivatives of the second type ROC surface function
with respect to u = F2 (x) is derived such as
f1 (x0 )
f3 (x0 )
d
ROCs (x)|u=u0 =
[1 − F3 (x0 )] −
F3 (x0 ).
du
f2 (x0 )
f2 (x0 )
Proof :
d
ROCs (u)|u=u0
du

=
=
=

dF2−1 (u) dF1 (F2−1 (u))[1 − F3 (F2−1 (u))]
|u=u0
du
dF2−1 (u)
−1

dF2 (x))
[f1 (x0 )(1 − F3 (x0 )) − F1 (x0 )f3 (x0 )]
|x=x0
dx
f1 (x0 )
f3 (x0 )
[1 − F3 (x0 )] −
F1 (x0 ).
f2 (x0 )
f2 (x0 )


Based on Theorem 4.3, one can derive approximation results:
d
ROCs (x) ≈
du0
d
ROCs (x) ≈
du0

f1 (x0 )
f2 (x0 )
f3 (x0 )
−
f2 (x0 )

if F3 (x0 ) → 0,

(4.1)

if F1 (x0 ) → 1.

(4.2)

From the above approximation results based on the first derivatives of the second type
ROC surface function, we cannot get the same results obtained from the partial differential
equation of the first type ROC surface functions relationships in Theorem 4.2 and Lemma
4.1. However, analogous relations such as the results in Theorem 4.2 and Lemma 4.1 could
be derived.
Based on the result in (4.1), F3 (x0 ) → 0 means that the probability density function of X3
locates far away from the right side of the density function of X2 , so that the one optimal
threshold could be determined only the ratio of probability density functions of X1 and X2 .
And F1 (x0 ) → 1 in (4.2) can be interpreted as the probability density function of X1 locates
far away from the left side of density function of X2 . Hence only one optimal threshold
could be obtained the ratio of probability density functions of X2 and X3 . Note that the
first type ROC surface function is the function of two variables, and the second type of the
ROC surface functions is the function of only one variable.
Yoo and Hong (2011) discussed that when the ratio of two the probability density functions
has a certain value, the corresponding optimal threshold could be obtained. Also, Hong and
Cho (2019) found that the second derivative of the partial AUC which is the first derivative of
the ROC function turns to be the ratio of two the probability density functions. For example,
when this ratio is set to be one, the optimal threshold can be obtained by the accuracy
criterion such as TR (true rate), J (Youden Index), SSS (sum of sensitivity and specificity),
MVD (maximum vertical distance). The optimal threshold for TR will be mentioned in next
section.
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5. Some simulation results with normal distributions
5.1. Optimal thresholds for normal distributions
Let three probability density functions be assumed to be normal distributions such as:
f1 (x) = φ(x|µ1 , σ12 ), f2 (x) = φ(x|µ2 , σ22 ), f3 (x) = φ(x|µ3 , σ32 ), respectively. And suppose
that µ1 < µ2 < µ3 . Based on Theorem 4.2, we knew that the first partial derivative of the
first type of the ROC surface functions is the ratio of two probability density functions. For
the TR (true rate) which is the well known accuracy measure, the ratio of two probability
density functions should be one to find the optimal threshold. Hence, in order to find the
first ordered optimal threshold, set the ratio to be one.


σ1
−(x − µ2 )2
−(x − µ1 )2
f2 (x)
=
exp
+
= 1.
f1 (x)
σ2
2σ22
2σ12
The optimal threshold is


(µ1 + µ2 )/2,
when σ1 = σ2 ,



0.5  2
 (µ σ2 −µ σ2 )2
µ22 σ12 −µ21 σ22
2σ12 σ22
µ2 σ1 −µ1 σ22
2 1
1 2
σ1
− σ2 −σ2 + σ2 −σ2 ln( σ2 )
,
when σ1 ≤ σ2 ,
+
x01 =
(σ 2 −σ 2 )2
σ 2 −σ 2
1
2
1
2

 1 22
0.5  1 2 2


2
2
2
2
2
2
2
2
2

µ σ −µ σ
− (µ2 σ12 −µ12 σ22 ) − µ2 σ12 −µ12 σ2 + 2σ2 1 σ22 ln( σ1 )
+ 2 σ12 −σ12 2 , when σ1 > σ2 ,
σ2
(σ −σ )
σ −σ
σ −σ
1

2

1

2

1

2

1

2

where the terms in the square root should be positive.
Then the second ordered optimal threshold can be obtained to set the ratio f1 (x)/f3 (x)
to be one. The process of obtaining the second ordered optimal threshold is similar to
that of the first optimal threshold and is omitted. In order to get simulation results for
these works, let the second probability density function be a standard normal distribution
µ2 = 0, σ22 = 1, and set µ3 = −µ1 = 2.0, 3.0, 4.0 and σ1 = σ3 = 1.0, 1.5, 2.0 for other two
normal distributions.
5.2. Optimal thresholds and errors according to means and variances
When the mean µ3 = −µ1 is changed from 2.0 to 4.0 at intervals of 1.0 with a fixed value
1 of the standard deviation, the optimal threshold corresponding to the accuracy measure,
TR, is obtained for these distributions. And the corresponding type 1 error (α), type 2 error
(β) and sum of errors (α + β) are obtained. These results are summarized in Table 5.1, and
shown in Figure 5.1.
Table 5.1 Optimal thresholds and errors according to means

x0
α
β
α+β

2
1
0.159
0.159
0.317

µ3 = −µ1
3
4
1.5
2
0.067 0.023
0.067 0.023
0.134 0.046
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Figure 5.1 Optimal thresholds and errors according to means

From Table 5.1 and Figure 5.1, it is found that the optimal thresholds corresponding to
TR are µ1 /2 = −µ3 /2 with equal variance of these distributions. When µ1 or µ3 are getting
far away to zero, all values of α, β, α + β are decreasing exponentially. Note that α = β.
When the standard deviations σ1 and σ3 are changed from 1.0 to 2.0 at intervals of 0.5
with fixed µ3 = −µ1 = 2, the optimal threshold corresponding to TR, α, β and α + β are
obtained. Then these results are summarized in Table 5.2 and expressed in Figure 5.2.
Table 5.2 Optimal thresholds and errors according to variances

x0
α
β
α+β

1
-1
0.159
0.159
0.317

σ1
1.5
-1.087
0.139
0.271
0.41

2
-1.238
0.108
0.352
0.459

1
1
0.159
0.159
0.317

σ3
1.5
1.087
0.271
0.139
0.41

2
1.238
0.352
0.108
0.459

Figure 5.2 Optimal thresholds and errors according to variances

Based on Table 5.2 and Figure 5.2, as σ1 gets larger, the optimal threshold moves farther
away from zero and has a negative value. But when σ3 increases, the optimal threshold
locates farther away from zero and has a positive value. Moreover, it is found that as σ1 and
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σ3 are getting larger, α + β is increasing. In particular, when σ1 is increasing, α decrease
slowly and β is increasing faster than α. On the contrary, β decrease slowly and α gets larger
than β when σ3 increases. Therefore, since increasing errors get larger than decreasing errors,
sum of errors is increasing.

6. Conclusion
The ROC curve which is a useful method to visualize and evaluate classification models
or classifiers has been used for a long time in the signal detection theory, and it has been
widely applied in decision-making and medical diagnosis systems. An well-known statistic
for determining the discriminant power using the ROC curve is the AUC.
A specific area in the AUC is called as the partial AUC (pAUC). There are several kind
of definitions of the partial AUC. Hong and Cho (2019) suggested another partial AUC
for the ROC and CAP curves, and discussed relationships between the first and second
differential equations of the partial AUC and optimal thresholds corresponding to some
accuracy measures. Yang et al. (2019) proposed the two-way partial area under the ROC
curve (tpAUC) which have some conditions on both the horizontal and vertical axises of the
ROC curve. Moreover, the tpAUC was expressed as integral equations. Hong et al. (2019)
explained the tpAUC with probability concepts and represented the tpAUC in terms of
integration equations which are able to explain the relation between pAUC and tpAUC.
An extending method to measure the discrimination power of the three category classification model is the ROC surface method with three categories. The volume under the ROC
surface (VUS) statistic is also a well known measure to evaluate the discriminant power
using the ROC surface. For the ROC surface, Xiong et al. (2006) suggested the partial VUS
(pVUS). Using the probability concepts of the partial VUS, Hong et al.. (2019) discussed
and expressed various definitions of the partial VUS with integration equations.
In this work, an alternative partial VUS for the ROC surface is represented as the probability by extending results of Hong and Cho (2019) and formulated with double and single
integral equations. Furthermore, it is found that the first type of the ROC surface function
has a relation with the second partial derivative of the partial VUS. And two ordered optimal thresholds using some accuracy measures can be derived by using derivatives of the
ROC surface function or the third partial derivative of the partial VUS. Various normal
distribution functions are explored for finding two optimal thresholds and two kind of errors
corresponding to their optimal thresholds. Therefore, one might conclude that since using
the partial VUS formulated with integral equations, these methods can be widely used and
applied in real data in order to measure the discrimination power of the three category
classification model.
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