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Abstract
The accelerated failure time (AFT) model with random effects has been widely used
for clustered or correlated time-to-event data as an alternative to frailty model which
is the Cox’s proportional hazards model with random effects. The AFT random effect
model usually assumes a normal distribution for random effect distribution. It is well
known that the estimated regression parameters in the AFT model are robust against
various violations of the assumed model. However, the impact of prediction (or estimation) of random effect, when the assumed normal random effect is misspecified, has
been relatively less studied. In this paper, we investigate the impact of misspecification
of normal random effect distribution on the prediction of random effect under the AFT
random effect model. Here, the random effect is estimated using the hierarchical likelihood (h-likelihood) which is useful for the inference of random effects. The proposed
method is demonstrated using simulation studies and a real data set.
Keywords: AFT model, h-likelihood, prediction, random effect, survival data.

1. Introduction
Recently, survival models with random effects (e.g., frailty model) have been widely used
for analyzing clustered or correlated time-to-event data (i.e., multivariate survival data;
Hougaard, 2000). Here, the frailty indicates a random effect on the hazard function. As
an alternative to the frailty model where the fixed and random effects act multiplicatively
on the individual hazard rate, accelerated failure time (AFT) models with random effects
have been considered, in which the fixed and random effects act linearly on the individual
survival times. Thus, the interpretation of both fixed and random effects under the AFT
model is more direct (Klein et al., 1999). The AFT random effect model usually assumes
a normal distribution for random effect distribution. In particular, in the AFT model, the
fixed effects (i.e., regression parameters) are robust against various violations of the assumed
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model, whereas in the frailty model, they can be somewhat sensitive (Hougaard, 1999; Ha
et al., 2002, 2017; Chee et al., 2021). Very recently, Jiang et al. (2021) investigated the
impact of misspecification of gamma frailty distribution on the prediction of frailty under
the gamma frailty model and showed via simulation studies that the gamma frailty model
is robust against the misspecification of gamma frailty distribution except for the case of
extreme distribution such as positive stable distribution. However, such impact of random
effects under the AFT random effect model has been relatively less studied.
In this paper, our goal is to investigate the impact of misspecification of normal random
effect distribution on the prediction of random effect under the AFT random effect model.
Here, the random effect is estimated using the hierarchical likelihood (h-likelihood) (Lee
and Nelder, 1996; Lee et al., 2017) which is useful for the inference of random effects. In
particular, the h-likelihood avoids difficult integrations for obtaining marginal likelihood in
various random effect models; for details see Lee et al. (2017) and Ha and Lee (2021).
In Section 2 we describe the AFT random effect model and outline estimation procedure
for fixed parameters and random effects using the h-likelihood. In Section 3, we present the
simulation results on the prediction of random effects when the random effect distribution
is misspecified. The proposed method is illustrated with the chronic granulomatous disease
(CGD) recurrent infection time data (Fleming and Harrington, 1991) in Section 4. Finally,
some discussion is given in Section 5.

2. AFT random effect model and estimation procedure
2.1. AFT random effect model
Let Tij be time-to-event (survival time) for the jth observation of the ith cluster (or
subject)
Pq and Cij be the corresponding censoring time (i = 1, . . . , q; j = 1, . . . , ni ). Here,
n = i=1 ni is the total sample size. A dependency (or correlation) among Tij ’s can be
typically induced by this clustering (Ha et al., 2017). Random effects can be used to describe
correlation within clusters as well as heterogeneity between clusters in survival data. Let Vi
denote the unobserved random effect of the ith cluster.
We here follow two usual assumptions under non-informative censoring (Ha et al., 2002).
That is, given Vi = vi , Tij ’s and Cij ’s are conditionally independent, and Cij ’s are noninformative about Tij ’s given Vi = vi . The AFT random-effect model (Klein et al., 1999; Ha
et al., 2002) for Tij is described as follows:
log Tij = xTij β + Vi + ϵij ,

(2.1)

where xij = (1, xij1 , . . . , xij,p−1 )T is a vector of covariates, β = (β0 , β1 , . . . , βp−1 )T is a
p × 1 vector of regression coefficients, and random effect Vi ∼ N (0, σv2 ) and random error
ϵij ∼ N (0, σϵ2 ) are independent. Note that the model (2.1) with σv2 = 0 (i.e., Vi = 0 for all
i) reduces to the classical AFT model without the random effect Vi .
2.2. Estimation procedure
The AFT model (2.1) can be viewed as a linear mixed model whose inferential procedures
have been well developed. However, for the analysis of survival data it cannot be used directly
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because not all the Tij may be observed due to censoring. In the clustered survival data in
Section 2.1, the observable random variables are
Yij = min (log Tij , log Cij ) and δij = I(Tij ≤ Cij ).
Following Ha et al. (2002), the h-likelihood for the AFT random-effect model (2.1) is
defined by
X
X
h = h(β, v, σϵ 2 , σv2 ) =
ℓ1ij +
ℓ2i ,
(2.2)
ij

i

where
ℓ1ij = ℓ1ij (β, σϵ 2 ; yij , δij |vi ) = −δij {log(2πσϵ2 ) + m2ij }/2 + (1 − δij ) log{1 − Φ(mij )}
is the conditional log-likelihood for (Yij , δij ) given Vi = vi , and
ℓ2i = ℓ2i (σ12 ; vi ) = −{log(2πσv2 ) + (vi 2 /σv2 )}/2
is the log-likelihood for Vi . Here mij = (yij − xTij β − vi )/σϵ and Φ(·) is the cumulative
distribution function of N (0, 1).
First, the estimations of the fixed and random effects are described as follows. Given the
dispersion components θ = (σϵ2 , σv2 )T , the maximum h-likelihood estimators (MHLEs) of
τ = (β T , v T )T with v = (v1 , . . . , vq )T are obtained by solving


1 X
∂h
δij mij + (1 − δij )V (mij ) xijk = 0 (k = 0, . . . , p − 1)
(2.3)
=
∂βk
σϵ ij
and


1
1 X
∂h
δij mij + (1 − δij )V (mij ) − 2 vi = 0 (i = 1, . . . , q).
=
∂vi
σϵ j
σv

(2.4)

Here V (·) = ϕ(·)/Φ̄(·) be the hazard function of N (0, 1) and ϕ(·) is the density function
of N (0, 1), respectively. The two estimating equations (2.3) and (2.4) yield the following
iterative weighted least squares (IWLS) equations for τ (Ha et al., 2012, 2017):
 T ∗

  T ∗ ∗ 
X W X X T W ∗Z
X W w
βb
=
,
(2.5)
Z T W ∗X Z T W ∗Z + Q
Z T W ∗ w∗
vb
where X and Z are n×p and n×q model matrices of β and v, respectively, and W ∗ = W/σϵ2 ,
W = diag(wij ) is the n × n diagonal matrix with the ijth element
wij = δij + (1 − δij )ξ(mij )
with ξ(mij ) = V (mij ){V (mij ) − mij }. Here, Q = −∂ 2 ℓ2 /∂v 2 = Iq /σu2 , and w∗ is the n
dimensional vector with
−1 ∗
∗
wij
= µij + wij
(yij − µij )
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∗
and yij
= yij δij +{µij +σϵ V (mij )}(1−δij ) is a pseudo-response of yij , and µij = E(log Tij |Vi =
T
vi ) = xij β + vi . Note that the asymptotic covariance matrix for τb − τ is obtained from H −1 ,
with
 T ∗

∂2h
X W X
X T W ∗Z
H=−
=
.
(2.6)
Z T W ∗X Z T W ∗Z + Q
∂(β, v)2

Next, for the estimation of dispersion parameters θ = (σϵ2 , σv2 )T , we use the restricted
h-likelihood pτ (h) with τ = (β T , v T )T , defined by


1
pτ (h) = h − log det{H/(2π)}
,
2
τ =b
τ
where H = H(h; τ ) = −∂ 2 h/∂τ 2 is given in (2.6) and τb solves ∂h/∂τ = 0. The estimating
equations for θ,
∂pτ (h)
= 0,
(2.7)
∂θ
yield the restricted maximum likelihood estimators (REMLEs) for σϵ2 and σv2 (Lee and
Nelder, 2017; Ha et al., 2017).
The fitting algorithm consists of two stages with (2.5) and (2.7). Notice that the estimates
for fixed parameters (β, σϵ2 , σv2 ) and random effects v can be obtained via mlmfit() function
of the frailtyHL R package (Ha et al., 2019).

3. Simulation study
In this section, we investigate the impact on the prediction of random effects when the
normal assumption of random effect distribution is violated. Following Jiang et al. (2021),
we consider the prediction on the random effect term as
ηij = xTij β + vi .
Then the estimated linear predictor η̂ij is given by
η̂ij = xTij β̂ + v̂i ,
where β̂ and v̂i are obtained using the h-likelihood procedure in Section 2. According to
Jiang et al. (2021), the accuracy of the random effect predictor is evaluated by the root of
mean squared error (RMSE) of η̂ij , defined by
s
1X
RMSE =
(ηij − η̂ij )2 .
n ij
Simulation studies are conducted under 300 replications for the evaluation of the performance of random effects’ prediction in the AFT random effect model with a normal distribution and non-normal (i.e., misspecified) distributions for random effects. The simulation
design is as follows.
Pq
• Sample size n = i=1 ni = 100, 400 with (q, ni ) = (20, 5), (80, 5), respectively.
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• Two covariates are considered. One is generated from a Bernoulli distribution with the
probability of 0.5, and the other is generated from N (0, 1).
• Regression parameters β = (β0 , β1 , β2 )T = (1, −0.5, 1)T .
• Dispersion parameters σϵ2 = 1 and σv2 = 0.5, 1.
For the generation of the random effect V , we consider five cases; below (i) is true model
with normal distributed random effect and (ii)-(v) are misspecified models with non-normal
distributed random effect. Thus, the random effects V are generated from the following
various distributions:
• (i) normal (N) distribution N (0, σv2 ).
• (ii) two points (2P) discrete distribution with the equal probability of σv2 at points
−σv and σv .
• (iii) extreme value (EV) distribution with a transformation such that the mean and
variance are, respectively, 0 and 1.
√
• (iv) mixture
(MN-1) distribution with unimodal shape, i.e., 0.5N (−σv / 2, σv2 /2)+
√ normal
0.5N (σv / 2, σv2 /2).
√
• (v) mixture√normal (MN-2) distribution with bimodal shape, i.e., 0.5N (−2σv / 5, σv2 /5)+
0.5N (2σv / 5, σv2 /5).
Here, the random errors ϵ are generated from the normal distribution, N (0, σϵ2 = 1). The
censoring times are generated from an exponential distribution with a parameter empirically
determined to achieve approximately 20% and 50% censoring rates.
Table 3.1 Simulation results of RMSEs of the random effect (V ) predictor (η̂ij ) based on 300 replications
when in the AFT random effect model the random effect is correctly or incorrectly specified under σv2 = 0.5

CR

V-dist.

n = 100
Mean(SD)

n = 400
Mean(SD)

20%

N
2P
EV
MN-1
MN-2

0.427
0.438
0.428
0.427
0.428

(0.069)
(0.069)
(0.075)
(0.068)
(0.070)

0.405
0.402
0.398
0.405
0.405

(0.032)
(0.033)
(0.035)
(0.032)
(0.031)

50%

N
2P
EV
MN-1
MN-2

0.497
0.498
0.481
0.489
0.486

(0.087)
(0.083)
(0.081)
(0.081)
(0.081)

0.455
0.446
0.436
0.453
0.450

(0.039)
(0.034)
(0.035)
(0.034)
(0.034)

Note: N: normal distribution; 2P: two points discrete distribution; EV: extreme value distribution; MN-1:
mixture normal distribution with unimodal shape; MN-2: mixture normal distribution with bimodal shape;
CR, censoring rate; V -dist., distribution of random effect V ; n = 100 with (q, ni ) = (20, 5) and n = 400
with (q, ni ) = (80, 5); Mean (SD): average (standard deviation) of RMSEs based on 300 replications
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Table 3.1 presents the simulation results of RMSEs of the estimated linear predictor η̂ij
based on 300 replications under σv2 = 0.5 when the distribution of the true random effect is
normal (i.e., correctly specified case) or non-normal (incorrectly specified case). We observe
that the RMSEs under normal random effects are similar to those under non-normal random
effect distributions (i.e., two points, extreme value, unimodal mixture normal and bimodal
mixture normal). As expected, the mean and SD of RMSEs are increased with censoring rate
and decreased with sample size. The trends of RMSEs in Table 3.2 under a larger random
effect variance as σv2 = 1 are similar to those evident in Table 3.1. These results indicate
that the prediction of the random effect in the AFT model is insensitive even when the
distribution of the normal random effect is misspecified. Moreover, our results confirm the
robust results of frailty prediction in frailty model by Jiang et al. (2021).
Table 3.2 Simulation results of RMSEs of the random effect (V ) predictor (η̂ij ) based on 300 replications
when in the AFT random effect model the random effect is correctly or incorrectly specified under σv2 = 1

CR

V-dist.

n = 100
Mean(SD)

n = 400
Mean(SD)

20%

N
2P
EV
MN-1
MN-2

0.456
0.465
0.457
0.455
0.454

(0.069)
(0.072)
(0.075)
(0.072)
(0.075)

0.440
0.436
0.433
0.441
0.439

(0.034)
(0.037)
(0.037)
(0.035)
(0.035)

50%

N
2P
EV
MN-1
MN-2

0.550
0.537
0.525
0.542
0.532

(0.099)
(0.091)
(0.089)
(0.091)
(0.091)

0.518
0.491
0.486
0.512
0.502

(0.046)
(0.040)
(0.041)
(0.042)
(0.040)

Note: N: normal distribution; 2P: two points discrete distribution; EV: extreme value distribution; MN-1:
mixture normal distribution with unimodal shape; MN-2: mixture normal distribution with bimodal shape;
CR, censoring rate; V -dist., distribution of random effect V ; n = 100 with (q, ni ) = (20, 5) and n = 400
with (q, ni ) = (80, 5); Mean (SD): average (standard deviation) of RMSEs based on 300 replications

4. An illustrative example
We illustrate the prediction of random effects under the AFT model with normal random
effect using chronic granulomatous disease (CGD) time-to-infection data (Fleming and Harrington, 1991). The CGD data set is from a placebo-controlled randomized trial of gamma
interferon (γ-IFN) in chronic granulomatous disease. The aim is to investigate the effectiveness of γ-IFN in reducing the severe infection rate in patients with CGD. A total of 128
patients from 13 hospitals were followed up for about 1 year. The number of patients at each
hospital ranged from 4 to 26. Among the total patients, there are 53 from the treatment (γIFN) group and 75 from the placebo group. This data set can be obtained by the R package
“survival” (data “cgd”). Time to event is the interval time between recurrent infection times
(the minus of “tstop” and “tstart”), and about 62.6% of all the individuals were censored.
From the data structure, we see that the recurrent infection times for a given patient can
be correlated.
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The eight covariates are considered as follows.
• Treatment: placebo=0 ,γ-IFN=1 ;
• Sex: male=0, female=1 ;
• Age (age at study entry, in years): 1 – 44, the median is 12;
• Height (height at study entry, in cm): 76.3–189, the median is 140.75;
• Weight (weight at the study entry, in kg): 10.4–101.5, the median is 34.85;
• Inherit (pattern of inheritance): autosomal recessive=0, X-linked=1;
• Steroids (use of steroids at study entry): no=0, yes=1 ;
• Propylac (use of prophylactic antibiotics at study entry): no=0, yes=1 .

Density
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0.2

0.0

0.0

0.5

0.1

Density

1.5
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2.0
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The estimation results using the AFT random effect model indicate that only the effect
of “treatment” is significant with the estimate 1.249 and standard error 0.353 (not shown
here). The estimate of σv2 (i.e., the variance of random effects) is 0.621, which means that the
random effect term may be necessary for this data set. Figure 4.1 displays the histograms and
empirical kernel density of the estimated linear predictor (η̂ij ) and the estimated random
effect (v̂) for the CGD data set. Here, the distribution of η̂ij seems to be heterogeneous and
that of v̂ clearly deviates from a normal distribution.

4

5

6

7
^
η

8

9

10

−1.0

−0.5

0.0

^
ν

Figure 4.1 Histogram and empirical density (red color) of the estimated linear predictor η̂ and estimated
random effect v̂ for the CGD data
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5. Discussion
We have found via simulation study that the AFT random effect model gives robust
prediction results for random effects against misspecification of random effect distribution.
Thus we see that the AFT model (2.1) provides robust estimation results for both fixed and
random effects even if the normal assumption of random effect distribution is violated.
Further work is to investigate the impact of the estimation results of random effect when
the error distribution is misspecified. Extending the estimated linear predictor in Sections 3
and 4 to a prediction of machine or deep learning (Choi and Kim, 2021; Kim et al., 2022)
in survival analysis would be also an interesting further work.
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