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Abstract
To analyze longitudinal count data, Poisson linear mixed models are commonly
used. In the models the random effects covariance matrix explains both within-subject
variation and serial correlation of repeated count outcomes. When the random effects
covariance matrix is assumed to be misspecified, the estimates of covariates effects can
be biased. Therefore, we propose reasonable and flexible structures of the covariance
matrix using autoregressive and moving average Cholesky decomposition (ARMACD).
The ARMACD factors the covariance matrix into generalized autoregressive parameters
(GARPs), generalized moving average parameters (GMAPs) and innovation variances
(IVs). Positive IVs guarantee the positive-definiteness of the covariance matrix. In this
paper, we use the ARMACD to model the random effects covariance matrix in Poisson
loglinear mixed models. We analyze epileptic seizure data using our proposed model.
Keywords: Cholesky decomposition, general linear mixed model, high dimensionality,
longitudinal count data, positive-definite.

1. Introduction
In longitudinal studies repeated outcomes from each subject are measured over time and
the outcomes are not independent (Diggle et al., 2002). Therefore, the serial correlation of
the outcomes should be properly considered in order to reduce bias of covariates effects.
When subject-specific effects of covariates are of interest in analysis of longitudinal categorical data, generalized linear mixed models (GLMMs) are often used (Breslow and Clayton,
1993). Random effects in the GLMMs are used to explain both within-subject variation
and serial correlation of repeated categorical data using a random effects covariance matrix.
The estimation of the covariance matrix is not easy because the matrix is high-dimensional
and should be positive-definite (Jeon and Lee, 2014; Lee et al., 2012; Lee et al., 2017; Lee
and Kim, 2016). Therefore, a specific structure of the covariance matrix is assumed such
†
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as autoregressive or compound symmetry. In real data analysis the assumption of the specific structure may be too strong. In addition, when the random effects covariance matrix
is assumed to be misspecified, the estimates of covariates effects can be biased (Heagerty
and Kurland, 2001; Lee et al., 2017). To relieve the strong assumption, more general structure of the covariance matrix using three Cholesky decompositions were proposed: modified
Cholesky decomposition (MCD) (Pourahmadi, 1999, 2000; Daniels and Pourahmadi, 2002;
Daniels and Zhao, 2003; Lee et al., 2012; Lee, 2013; Lee and Sung, 2014), moving average
Cholesky decomposition (MACD) (Zhang and Leng, 2012; Lee and Yoo, 2014; Kim et al.,
2017), and autoregressive moving-average Cholesky decomposition (ARMACD) (Han and
Lee, 2016; Lee et al., 2017; Nam and Lee, 2017).
The MCD decomposes the inverse of the covariance matrix (precision matrix) into generalized autoregressive parameters (GARPs) and innovation variances (IVs). The GARPs
are coefficients of previous outcomes and the IVs are prediction error variances. The MACD
decomposes the covariance matrix into generalized moving average parameters (GMAPs)
and IVs. The GMAPs are moving average coefficients of previous errors. In both decompositions, the estimated covariance matrix is positive definite when all IVs are positive. The
ARMACD was recently developed to model the covariance matrix with the heterogeneous
autoregressive moving average (ARMA) structure (Lee et al., 2017). It combines MCD and
MACD to create a more flexible decomposition of the marginal covariance matrix in linear
models. The ARMACD factors the heterogeneous marginal covariance matrix into GARPs,
GMAPs, and IVs. The positive IVs guarantee the positive-definiteness of the covariance
matrix. In this paper, we use the ARMACD to model random effects covariance matrix in
Poisson loglinear mixed models for longitudinal count data.
In the analysis of count data, Poisson loglinear models are typically used. In the models,
the log function is a natural link function for Poisson distribution and the log link is the
canonical link for the Poisson distribution (Agresti, 2002). The log link accounts for effects
of covariates to be multiplicative rather than additive. In the analysis of longitudinal Poisson
data, Zeger (1988) introduced log linear model with random effect in order to account for
time series count data using an estimating equation approach. Markov regression using
a quasi-likelihood estimating approach is proposed by Zeger and Qaqish (1988) for time
series count data. For Poisson data having transition patterns and non-ignorable missing
values, Li et al. (2007) proposed first-order Markov transition models with random intercept.
Different approaches for modeling longitudinal count data with dropouts are illustrated by
Alosh (2010). The approaches include generalized estimating equations (GEE), weighted
GEE methods, likelihood-based GLMMs and transition models which are extension of the
Poisson autoregressive model with order one. In this paper, we consider Poisson linear mixed
model with a general random effect covariance matrix. We decompose the random effects
covariance matrix to several parameters using the ARMACD. Our proposed models were
easily used to analyze longitudinal count data which commonly occur in longitudinal studies.
The paper is organized as follows. In Section 2, we propose Poisson regression model with
ARMA structured random effects covariance matrix. We analyze seizure data using the
proposed model in Section 3. Finally conclusions are included in Section 4.
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2. Poisson linear mixed model
In this section, we propose Poisson loglinear mixed models with an ARMA structured
random effects covariance matrix. The random effects covariance matrix in the models is
modeled using the ARMACD.
2.1. Proposed models
Let yi = (yi1 , yi2 , ..., yini )T be response vector of longitudinal Poisson data where yij is
the Poisson response for subject i (i = 1, ..., N ) at time j (j = 1, ..., ni ). We assume that the
responses for each subject are conditionally independent given random effects. Then Poisson
loglinear mixed model is given by
yij ∼ Poisson(µij (bij )),
log(µij (bij )) = xTij β + bij ,
bi ∼indep. N (0, Σi ),
where µij (bij ) is the conditional mean of yi given random effects bij , xij is the p×1 covariates,
β is the p × 1 coefficient of covariate vector, and bi = (bi1 , bi2 , ..., bini )T is the vector of the
random effects.
Now we assume the ARMA structure of the random effects covariance matrix using the
ARMACD
bij =

j−1
X

φijk bik +

k=1

j−1
X

lijk eik + eij ,

(2.1)

k=1

2
2
where ei = (ei1 , ei2 , ..., eini )T ∼ N (0, Di ) with Di = diag(σi1
, · · · , σin
), φijk are generi
alized autoregressive parameters (GARPs), lijk are generalized moving average parameters
2
(GMAPs), and σij
are innovation variances (IVs). A similar structure was already used in
logistic random effects models (Lee et al., 2017a)
We rewrite (2.1) in matrix form as

Ti bi = Li ei ,
where
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Taking variance in (2.2), we have
Ti Σi TiT = Li Di LTi .
Then we have following equation
Σi = Ti−1 Li Di LTi Ti−T .

(2.3)
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Note that Σi is factored to the GARPs, GMAPs, and IVs. However, it is still highdimensional and should be positive definite. To release the limitations, linear and loglinear
models for the GARPs/GMAPs and IVs are respectively proposed as follows,
T
φijk = wijk
α,

T
lijk = zijk
γ,

2
log σij
= hTij λ,

(2.4)

where α and γ are vectors of unknown dependence parameters, λ is the vector of unknown
variance parameters, and wijk , zijk and hij are time and/or subject-specific design vectors.
Note that wijk and zijk are time covariate design vectors which play roles of controlling the
time order of the model capturing the correlation between responses, and that hij is subjectspecific design matrix. Therefore, the random effects covariance matrix can be structured
nonstationary and heteroscedastic. We note that Σi is positive definite since all IVs are
positive by the loglinear model (Lee et al., 2017). We also note that the matrices T and L
in (2.3) are identifiable when they have specific structure of the covariance matrix such as
ARMA structure (Lee et al., 2017).
The ARMA model can work when the series is partly autoregressive and partly moving
average. This approach provides parsimonious models compared to the AR or the MA models
(Judge et al., 1980). Similarly, the parsimony of parametrization in the ARMACD enables
reasonable interpretation, easy computation, and stable estimation of parameters (Lee et
al., 2017).
2.2. Maximum likelihood estimation
In this subsection, we present derivation of the maximum likelihood estimates for the proposed model. Let θ = (β, α, γ, λ) be the vector of parameters. Then the marginal likelihood
function is the integral over joint distribution of yi and the random effects bi , and is given
by,
ni
N Z Y
y
Y
µij (bij ) ij e−µij (bij )
f (bi ) dbi ,
L(θ; y) =
yij !
i=1
j=1

(2.5)

where f (bi ) is the normal probability density function with mean vector 0 and covariance
matrix Σi .
Using (2.3), f (bi ) is re-expressed by
ni
f (bi ) = (2π) 2
−

ni
Y

2
σij

!− 1
2

j=1



1
−1 −1
D
L
T
b
exp − bTi TiT L−T
i i .
i
i
i
2

Then the log of marginal likelihood function is given by
log L(θ; y)

=

N
X
i=1

log

)
Z (Y
ni
µij (bij )yij e−µij (bij )
yij !
j=1

ni
×(2π) 2
−

ni
Y
j=1

!− 1
2
2

σij



1
−1 −1
exp − bTi TiT L−T
i Di Li Ti bi dbi .
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Maximizing the log of marginal likelihood with respect to parameter vector θ = (β, α, γ, λ)T
yields the estimation equations
N
X
∂logL(θ; yi )
i=1

∂θ

= 0,

(2.6)

where
N

∂log L(θ; yi ) X 1
=
∂β
L(θ; y)
i=1

Z
L(θ; y, bi )

ni
X

{yij − µij (bij )} xij f (bi )dbi ,

(2.7)

j=1

Z
N
∂log L(θ; yi ) X 1
L(θ; y, bi )
=
∂αa
L(θ; y)
i=1

 T

1
∂Ti −T −1 −1
−1 −1 ∂Ti
× − bTi
Li Di Li Ti + TiT L−T
D
L
f (bi )dbi , (2.8)
i
i
i
2
∂αa
∂αa
Z
N
∂log L(θ; yi ) X 1
L(θ; y, bi )
=
∂γa
L(θ; y)
i=1
(
! )
−1
−T
1 T
∂L
∂L
−1
i
i
× − bi TiT
D−1 L−1 Ti + TiT L−T
Ti bi f (bi )dbi ,
i Di
2
∂γa i i
∂γa
(2.9)
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(2.10)
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Since the solution of the equations (2.7)-(2.10) is computationally intensive, we used QuasiMonte Carlo (QMC) approximation to compute integrations inside of the the log-likelihood
in (2.5). So we have the following result:
yij

L(θ; y) ≈

(l)

(l)
M ni
N
Y
µij (bij ) e−µij (bij )
1 XY
,
M
yij !
j=1
i=1

(2.11)

l=1

(1)

(M )

where the set (bi , · · · , bi ) is a subsequence of a low-discrepancy sequence. In Section 3,
we use a function, rnorm.sobol(), in the library fOptions (Wuertz, 2005) of R to get the
set. The QMC in (2.7)-(2.10) are similar to the approximation in (2.11).
The matrix of second derivatives of the observed data log likelihood has a very complex
form. Fortunately, the sample empirical covariance matrix of the individual scores in any
correctly specified model is a consistent estimator of the information and involves only the
first derivatives (Lee and Daniels, 2008). Therefore, the quasi-Newton method can be used
to solve the likelihood equations, using
θ(c+1) = θ(c) + [H(θ(c) ; y)]−1

∂log L(θ; yi )
,
∂θ(c)

where H(θ(c) ; y) is empirically estimated information matrix at step c, which is given by
H(θ(c) ; y) =

N
X
∂logL(θ; yi ) ∂logL(θ; yi )
.
∂θ(c)
∂θ(c)T
i=1

At convergence, the large-sample covariance matrix of the estimated parameters is the
inverse of H(θ(c) ; y).

3. Data analysis
3.1. Data description
Epilepsy is a part of neurological diseases which can be characterized by epileptic seizures.
Symptoms of epilepsy include episodes that can vary from brief and nearly undetectable
to long periods of vigorous shaking and can result in physical injuries such as occasionally
broken bones. We used medical data including information of various patients with epilepsy
and anti-epileptic drug (AED). The data were collected from a randomized, double-blind,
parallel group multi-center study in purpose of comparing placebo with a new anti-epileptic
drug (AED), in combination with one or two other AEDs (Faught et al., 1996).
The effect of AED was stabilized for 12-week baseline period during which the number of
seizures was collected. The randomization of patients with epilepsy took place after the above
period, 45 patients were categorized to placebo group and rest of 44 patients to the AED
treatment group. Then the number of seizures of each patient was counted weekly. During
16 weeks patients were followed based on double-blind rule after which they entered to a
long-term open-extension study. Several patients were followed for 27 weeks. The objective
of this research was to decide whether or not this additional new treatment had effect on
reducing the number of epileptic seizures.
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2 ) in the
Table 3.1 Models for covariance matrix with GARPs (φijk ), GMAPs (lijk ) and IVs (log σij
epileptic seizure data

Model
Model 1
Model 2
Model 3
Model 4
Model 5

GARP
φijk = α0 I(|j−k|=1)
φijk = α0 I(|j−k|=1) + α1 I(|j−k|=2)
φijk = α0 I(|j−k|=1)
φijk = α0 I(|j−k|=1)
φijk = α0 I(|j−k|=1) + α1 I(|j−k|=1)
× T rti
Model 6 φijk = α0 I(|j−k|=1) + α1 I(|j−k|=1)
× T rti
Model 7 φijk = α0 I(|j−k|=1) + α1 I(|j−k|=1)
× T rti

GAMP

IV
2
log σij
2
log σij
2
log σij
2
log σij
2
log σij
2
log σij
2
log σij

= λ0
= λ0
= λ0
= λ0 + λ1 × T rti
= λ0
= λ0
= λ0 + λ1 × T rti

lijk = γ0 I(|j−k|=1)
lijk = γ0 I(|j−k|=1)
lijk = γ0 I(|j−k|=1) + γ1 I(|j−k|=1)
× T rti
lijk = γ0 I(|j−k|=1) + γ1 I(|j−k|=1)
× T rti
2 = λ + λ × T rt
lijk = γ0 I(|j−k|=1) + γ1 I(|j−k|=1) log σij
0
1
i
× T rti + γ2 I(|j−k|=2)
+ γ3 I(|j−k|=2) × T rti

To summarize data, the number of seizures for one week was mostly from 0 to 10 times.
However, the data were very skewed and the maximum number of seizures was up to 73
times for a one week. The median and average values of outcomes were affected by extreme
values such as 73 and number of observations was some time-points such as 3 patients in
week 27.
The main question of interest in this experiment design was to know the effectiveness of
the AED. For the purpose, we let the count response variable Y be the number of seizure. To
examine effect of AED, we made type of treatment (Trt=0 for placebo group, Trt=1 for AED
group). The visit number was standardized and the interaction effect between treatment and
visit number was also included.
3.2. Model fit
We analyzed the epileptic seizure data using our proposed models. Models with the AR
or ARMA structure of random effects covariance matrix were considered to compare. In
particular, we considered seven models specified in Table 3.1
Models 1 and 2 indicate Poisson linear mixed models (PLMMs) with a homoscedastic
AR(1) and AR(2) covariance matrix, respectively. Model 3 indicates the PLMM with a homoscedastic ARMA(1,1) random effects covariance matrix. Model 4 indicates the PLMM
with a heteroscedastic ARMA(1,1) covariance matrix having IV depending on type of
treatment. Models 5 and 6 indicate the PLMMs with homogeneous and heteroscedastic
ARMA(1,1) covariance matrices having IV depending on type of treatment, respectively.
Lastly, Model 7 indicates the PLMM with a heteroscedastic ARMA(1,2) covariance matrix
having IVs depending on type of treatment.
We implemented a quasi-Newton algorithm to find MLEs of parameters for the models
using quasi Monte Carlo integration. In our analysis below, we obtained convergence in 50
iterations using a fairly strict convergence criterion, |(θnew − θold )/θnew | < 10−3 where θnew
and θold were current and previous fitted values of parameters, respectively. To compare the
models, we considered maximized loglikelihood values and Akaike information criteria (AIC)
(Akaike, 1974) (Table 3.2). Note that AIC = −2 log L(θ̂) + 2 p where θ̂ is the maximum
likelihood estimate and p is the number of parameters.
The five ARMA models (Models 3-7) fit better than AR models (Models 1 and 2) according

934

Jiin Choi · Keunbaik Lee

Table 3.2 Real data analysis. Maximized loglikelihood and AIC for the models
Model
Model
Model
Model
Model
Model
Model

1
2
3
4
5
6
7

Max. loglikelihood
-3967.810
-3947.215
-3925.025
-3917.827
-3918.196
-3913.314
-3870.293

AIC
7949.620
7910.430
7864.050
7851.654
7854.392
7846.628
7764.586

to AIC. The AIC of the Model 7 was the smallest among five ARMA models demonstrating
that Model 7 fits most appropriately for this data. We also conducted likelihood ratio test
(LRT) for the comparison of nested models (Table 3.3). Note that
n
o
χ2 = −2 log L(θ̂M 1 ) − log L(θ̂M 2 ) ,
where θ̂M 1 and θ̂M 2 are the maximum likelihood estimates under two nested models M1
and M2 , respectively. Test result between Models 3 and 4 shows that there was significant
difference. Similarly, the LRTs between Models 5 and 6, Models 3 and 6, Models 6 and
7 indicate that there were significant difference. Among models with ARMA(1,1) random
effects covariance matrices, Model 6 was better than Models 3 and 5. We also compared
Models 6 and 7 and the LRT indicates that Model 7 was better than Model 6.
Table 3.3 Likelihood ratio test
χ2
df
Model 3 vs Model 4
14.396
1
Model 5 vs Model 6
9.764
1
Model 3 vs Model 6
23.422
2
Model 6 vs Model 7
43.021
2
χ2 =likelihood ratio test statistic

p-value
≤ 0.001
0.002
≤ 0.001
≤ 0.001

Table 3.4 presents the MLEs and SEs of parameters for Model 2 and Models 5-7. The
MLEs of the fixed effect of covariates were similar in the models with ARMA (1,1) structure
of random effect covariance matrix (Models 5 and 6). The models with different structure of
random effect covariance matrix (Model 2 and Models 5-7) had slightly different estimates
for fixed effect. Since Model 7 was the best among the models considered, we focus on
Model 7. The estimate of the IVs, λ0 and λ1 were significant (λˆ0 = −1.355, SE = 0.147,
λˆ1 = 0.694, SE = 0.171). This result indicates that the random effects covariance matrix
differed by type of group. The parameters of GARPs and GMAPs were not significant
except for intercept of AR(1) (αˆ0 = 1.010, SE = 0.033). For the fixed effects, time effect
and interaction between time and treatment effect were significant under 5% significant level
(β2 = −0.678, SE = 0.189, β3 = 0.966, SE = 0.209). It indicates that the time effect was
significantly different between placebo and treatment groups. The estimate of coefficient for
Trt was not significant. For the group with AED, (T rt = 1), controlling the random effect,
log of the estimated mean of epileptic seizure occurrence during one week increased by 0.288
(= −0.678 + 0.966) as visit time increased by one. For the placebo (T rt = 0), log of the
estimated mean decreased by 0.678 as visit time increased by one controlling random effect.
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Table 3.4 Maximum likelihood estimates for five models.
Model 2
Parameters: β
Intercept
0.743*(0.081)
Treatment
0.269*(0.092)
Time
-0.315(0.237)
Treatment×Time
-0.108(0.262)
GARPs and GMAPs: γ and η
Intercept (AR(1)-1)
0.587*(0.055)
Treatment (AR(1)-2)
Intercept (AR(2)-1)
-0.395*(0.061)
Treatment (AR(2)-2)
Intercept (MA(1)-1)
Treatment (MA(1)-2)
IVs parameters: λ
Intercept
-1.11*(0.064)
Treatment
∗
Significance at 95% confidence level.

Model 5

Model 6

Model 7

0.846*(0.090)
0.345*(0.103)
-0.451(0.259)
0.579*(0.294)

0.908*(0.071)
0.229*(0.087)
-0.681*(0.161)
0.781*(0.218)

0.910*(0.089)
0.090(0.091)
-0.678*(0.189)
0.966*(0.209)

1.006*(0.026)
-0.007(0.032)

1.007*(0.026)
-0.006(0.032)

-0.486*(0.096)
0.200(0.119)

-0.407*(0.110)
0.016(0.134)

1.010*(0.033)
0.013(0.038)
-0.355(0.196)
0.038(0.221)
-0.068(0.269)
-0.205(0.286)

-1.015*(0.065)

-1.338*(0.119)
0.613*(0.148)

-1.355*(0.147)
0.694*(0.171)

4. Conclusion
We proposed Poisson loglinear mixed models (PLMM) with the random effects covariance
matrix for longitudinal Poisson data. The random effect covariance matrix was factored
via ARMA Choleksy decomposition into generalized auto regressive parameters (GARPs),
generalized moving average parameters (GMAPs) and innovation variance (IVs). When the
IVs are positive, the random effects covariance matrix is positive definite. The number of
parameters in the covariance matrix is reduced by considering linear and loglinear models for
the GARPs/GMAPs and the IVs, respectively. It is well known that the ARMACD allows
flexible and parsimonious modeling of the covariance matrix.
Estimation of parameters in the proposed model was implemented by a quasi-Newton
algorithm. Integrations in the derivatives of loglikelihood were approximated using quasi
Monte Carlo integration.
In analysis of epileptic seizure data, we fitted four PLMMs with several AR/ARMA structures of the random effects covariance matrix. The PLMMs with an ARMA(1,2) random
effects covariance matrix having IV depending on treatment fitted better than the other
three models. Time effect was significantly different between placebo and treatment groups
under 5% significant level.
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